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Abstract

For a multiplication R-module M we consider the Zariski topology in the set
Spec (M) of prime submodules of M. We investigate the relationship between
the algebraic properties of the submodules of M and the topological properties of
some subspaces of Spec (M). We also consider some topological aspects of certain
frames. We prove that if R is a commutative ring and M is a multiplication
R-module, then the lattice Semp (M/N) of semiprime submodules of M/N is a
spatial frame for every submodule N of M. When M is a quasi projective module,
we obtain that the interval [N, M| = {P € Semp (M) | N C P} and the lattice
Semp (M/N) are isomorphic as frames. Finally, as applications we obtain results

about quantales and the classical Krull dimension of M.
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Introduction

Multiplication modules were introduced by Barnard [5], these modules have been studied by
several authors [2], [3], [12], [18], [22] and [24] . The relationship between the algebraic
properties of a ring and the topological properties of the Zariski topology defined on its prime
spectrum has been studied in [13], [14], [15], [21][28]. Some notions of primeness have been
introduced and investigated in [11], [25], [26]. In this paper, we consider the concept of
prime and semiprime modules given in [19] , [20]. Given a multiplication module M over a
commutative ring R, we consider the Zariski topology for the spectrum Spec (M) of prime
submodules of M. Motived by the results of the Zariski topology [4], [8], we investigate
the relationship between the topological properties of some subspaces of Spec (M) and the
algebraic properties of the submodules of M.

In [16], [17] the authors introduce a framework of a lattice structure theory to analyze the
submodules of a given module; in particular, they specialize in the lattice Sub (M) of submod-

ules of M and they obtain interesting results. These authors also observe some topological



aspects of certain frames that were constructed in that paper and that consideration eventu-
ally leads to the construction of some spatial frames. A spatial frame F is a frame which is
a lattice isomorphic to the set of open subsets of topological space X. In this paper we take
that point of view and give some interesting results for multiplication modules.

The organization of the paper is as follows: Section 1 provides the necessary material that
is needed for the reading of the next sections. Section 2 is dedicated to prime (semiprime)
modules. We give the relationship between prime (semiprime) submodules of a multiplication
R-module M and prime ( semiprime) ideals of the ring R. In Section 3 we consider the Zariski
Topology for a multiplication module M and we study open and closed sets. Section 4 is
dedicated to studying compact, irreducible and dense subspaces. We characterize compact
sets in the form U (N) in terms of finitely generated submodules of M. In section 5 we give
the main results and applications. We prove that {Semp (M), A, V} is a frame for every
ring R and every multiplication R-module M. We also prove that if R is a commutative
ring and M is a multiplication R-module, then Sub (M) is a bilateral quantal. Moreover, we
prove that Semp (M/N) is a spatial frame for all submodules N of M. When M is a quasi
projective module we obtain that [N, M] = {P € Semp (M) | N C P} and Semp (M/N) are
isomorphic as frames. As an application, we prove that if R is a commutative ring and
M a faithful multiplication R-module and QM # M for all maximal ideals @ of R, then
R has classical Krull dimension if and only if M has classical Krull dimension. Moreover.
cl.K dim (M) = cl.K dim (R).

In this paper all rings are associative with an identity, except for some results where R
will denote a commutative ring with unity and R-M od will denote the category of unitary left

R-modules. An R-module M is multiplication module if for every submodule N of M, there

exists an ideal I of R such that N = IM.
Let M and X be R-modules. Then X is said to be M-generated if there exists an R-

epimorphism from a direct sum of copies of M onto X. The trace of M in X is defined to be
trM (X) = > teHomn(m,x) f (M), thus X is M-generated if and only if trM(X) = X.

If N is a fully invariant submodule of M, we write N Cp;y M. If N is an essential
submodule of M, we write N C.,s M. When a module has no non-zero fully invariant proper
submodules it is called F'I-simple module. An R-module M is a duo module if N Cg; M for
all submodules N of M.

Let U be an R-module. If M is an R-module , then U is projective relative to M ( U is M-

projective) in the case for each epimorphism g : M — N and each homomorphism f: U — N

there is an homomorphism f: U — M such that gOf: f- An R-module M is quasiprojective
if M is M-projective.



1 Preliminaries

In this section we provide the necessary material that is needed for the reading of the next
sections. We use the product of modules defined in [7] and we show that if M is a multiplication
R-module ( with R is a ring with commutative multiplication of ideals, in particular when R

being a commutative ring), then this product of modules is commutative and associative.

Definition 1.1. [9, Definition 1.1] Let R be a ring and M € R-Mod. Let K be a
submodule of M and L € R-Mod. We define the product

KyL=7) {f(K)|feHom(M,L)}

Note that if M = R then the Definition 1.1, then KL is the product of left ideals of the
ring R.

Note that given a submodule N of M, there exists a submodule N C M such that N is

the least fully invariant submodule of M which contains N.
In fact let N = > {f(N) | f € Hom(M, M)}, then N = Nj; M. Also notice that if K and
L are submodules of M, then

Y {f(K)|feHom(M, L)} =D {f(K)| f € Hom(M,L)}.
Therefore KL = Ky L.

Proposition 1.2. [9, Proposition 1.3] Let M € R -Mod and K, K’ be submodules of M,

then:
1) If K C K', then Ky X C K); X for every X € R-Mod.

)
2)If X € RRMod and Y C X, then Ky, Y C Ky X.
3) My X =trM(X) for every X € R-Mod.
4) 0y X =0 for every X € R-Mod.

5) Ky X =0 if and only if f(K) =0 for all f € Hom(M, X).

6) If X,Y are submodules for any module N € R-Mod, then Ky X+ KynY C Ky (X+Y).

7) If {K;};c; is a family of submodules of M, then [Z Kl] uN = ZKi mN.
iel icl

8) If {X;},c; is a family of R-modules, then Ky, [@ Xi] = @KMXi.
i€l i€l



Lemma 1.3. Let R be a commutative ring and M € R-Mod. If M is a multiplication

module, then M generates all its submodules.

Proof. Let N C M be a submodule of M. As M is a multiplication module then there
exists an ideal I of R such that N = IM. On the other hand we have that tM (N) =
> pmr—in [ (M). Since R is a commutative ring, then for each ¢ € I we can define the

morphism f; : M — IM such that f(m) =tm. Thus >°, fi (M) =1IM. But >, f; (M) C

tM (N). Thus N = IM C tM (N). So tM (N) = N.

Notice that tM (N) = > pm—in [ (M) = MyN. Soby Lemma 1.3, we have that My N =
N for all submodules N of M.

Proposition 1.4. Let R be a commutative ring and M € R-Mod a multiplication module,

then Nj;L = LN for all submodules N and L of M.

Proof. We have that N = IM and L = JM where I and J are ideals of R. So
NulL = Zf:MHLf(IM) = IEf:]VIHLf(M) =1t (L) =IL = I(JM) = (IJ)M. As

R is commutative, then (IJ)M = (JI)M = Ly N.

Notice that if R is a ring with commutative multiplication of ideals and M is a multi-
plication module in the sense given by [25] we also obtain the same result of the Proposi-
tion 1.4. Also Note that in this case by Proposition 1.2 (7) we have that N n) 0, ; K; =
Y ier Ki) MN =3, (KiuN) = 3.1 (NuK;) for every family of submodules {K;},.; of

M.

Corollary 1.5. Let R be a commutative ring and M a multiplication R-module. If N, L
and K are submodules of M, then (NyL),, K = Ny (L K).

Proof. It is clear.

Notice that the previous result is not true in general. We consider the example in [10,
Remark 1.26] in that example we have that L, K are maximal submodules of M = E(95).
Moreover Ky K = S and Sy K = 0. Therefore (KyK),; K = Sy K =0, but Ky (KyK) =
Ky S = S. Hence we have that (KyK),, K # Ky (K K).

Proposition 1.6. Let R be a commutative ring, M € R-Mod a faithful multiplication
module and P is a prime ideal of R such that PM ¢ M. If I is an ideal of R such that
IM C PM, then I C P.



Proof. As PM ¢ M, then there exists x € M and « ¢ PM. If a € I, then ax € IM.
Thus ax € PM, then by [12, Lemma 2.10] we have that a € P or ¢ € PM. Since x ¢ PM,
then a € P. Therefore I C P.

Corollary 1.7. Let R be a commutative ring, M € R-Mod a faithful multiplication
module. Suppose that P and P’ are prime ideals of R such that PM ¢ M and P M ¢ M.
If PM = P'M, then P = P’.

Proof. It is clear.

Corollary 1.8. Let R be a commutative ring, M € R-Mod a faithful multiplication
module such that PM & M for all maximal ideal P of R. If () is a semiprime ideal of R and
I is an ideals of R such that IM C QM, then I C Q.

Proof. We know that @ is a semiprime ideal, then @ = Ny¢c, P, where every P, is a prime
ideal of R. Hence we obtain that IM C QM C P, M for all &« € L. Now by Proposition 1.6
we have that I C P, foralla € L. SoI C Q.

Corollary 1.9. Let R be a commutative ring and M € R-Mod a faithful multiplication
module such that QM ¢ M for all maximal ideals @ of R. Suppose that P and P’ are
semiprime ideals of R such that PM = P’M, then P = P’.

Proof. It is clear.

2 Prime and semiprime modules

In this section we use the concepts of prime and semiprime modules defined in [18] and [19]

respectively. We give some properties of these modules and we define the radical VN of a
submodule N of M. We prove that if M is a faithful multiplication R-module (with R a
commutative ring) and QM # M for all maximal ideals @ of R, then VIM = IM for
all proper ideals I of R, where v/T is the radical of the ideal I. We also prove that if R is
a commutative ring and M a faithful multiplication R-module such that QM # M for all
maximal ideals @ of R, then a proper submodule N of M is semiprime(prime) in M if and

only if there exists a semiprime(prime) ideal P of R such that N = PM.

We require a goodly number of results from the literature. We include here those results

for convenience of the reader.



Definition 2.1 (Raggi-Rios [19]). Let M € R-Mod and N # M be a fully invariant
submodule of M. We say that N is prime in (or prime submodule of ) M if for any K, L fully
invariant submodules of M we have that Kj;L C N implies that K C N or L C N. We say

that M is a prime module if 0 is prime in M.

Note that if M = R and [ is an ideal of R, then [ is prime in R in the sense of Definition
2.1 if and only if I is a prime ideal.

Remark 2.2. In [9, Proposition 1.13] it is shown that if M generates all its fully invariant
submodules and N is a maximal fully invariant submodule of M, then N is prime in M. So if
R is a commutative ring and M is a multiplication R-module, then by [12, Theorem 2.5] we
have that every proper submodule of M is contained in a maximal submodule of M. Moreover
if N is a maximal fully invariant submodule of M, then by [9, Proposition 1.13] and Lemma

1.3 we have that NN is prime in M.

Notice that if N is a maximal submodule of M, in general N is not prime in M. In order
to see this, we consider the example given in [9, Examplel.12]. In that example the module
M = E(95) is duo but is not a multiplication module. The authors show that M has three

maximal submodules but M does not have prime submodules.

Lemma 2.3. Let R be a ring, M € R-Mod and N C M is a fully invariant submodule of
M. If N is a submodule of K such that K/N is a fully invariant submodule of M /N, then
K is a fully invariant submodule of M.

Proof. It is straightforward.

We require a goodly number of results from the literature. We include here those results

for convenience of the reader.

Lemma 2.4 (Raggi-Rios [19]). Let R be a ring, M € R-Mod a quasi projective module

K+ N
and K a fully invariant submodule of M. If N is a submodule of M, then + is a fully

M
invariant submodule of N

Proposition 2.5 (Raggi-Rios [19]). Let R be a ring, M a quasi projective R-module and
N ¢ M is a fully invariant submodule of M. If M/N is a prime module, then N is prime in
M.

Proposition 2.6 (Raggi-Rios [19]). Let R be a ring, M an R-module and N C M a prime
submodule of M, then M/N is a prime module.



Corollary 2.7 (Raggi-Rios [19]). Let R be a ring, M € R-Mod and N and P submodules
of M such that N C P. If P/N is prime in M/N, then M/P is a prime module.

Corollary 2.8 (Raggi-Rios [19]). Let R be a ring, M an R-module and N a submodule
of M. Suppose that P is a proper fully invariant submodule of M such that N C P. If P is
prime in M, then P/N is prime in M/N.

Lemma 2.9 (Wisbauer [27]). Let R be a ring, M € R-Mod and N a fully invariant

submodule of M. If M is a quasi projective module, then M /N is a quasi projective module.

Corollary 2.10. Let R be a ring, M a quasi projective module, N Cr; M and P a proper
submodule of M such that N C P. If P/N Cp; M/N such that M/P is a prime module,
then

i) P/N is prime in M/N.

1) P is prime in M.

Proof. i) Apply Lemma 2.9 and Proposition 2.5.
1) Apply Lemma 2.3 and Proposition 2.5.

Proposition 2.11. Let R be a ring, M a quasi projective module and P a fully invariant
submodule of M. The following conditions are equivalents:

1) P is prime in M.

i1) For any fully invariant submodules K, L of M containing P and such that KL C P,
then K =Por L=P.

The result in Proposition 2.11 was given in [9, Proposition 1.9]. But we note that it only

needs the hypothesis that M is a quasi projective module. The proof is similar.

Definition 2.12 ( Raggi-Rios [20]). Let R be a ring and M € R-Mod. A proper fully
submodule N of M is semiprime in M ( or a semiprime submodule of M) if for any fully
invariant submodule K of M such that Ky, K C N, then K C N. We say M is a semiprime

module if 0 is semiprime in M.

Notice that if M = R, then an ideal I of R is semiprime in the sense of Definition 2.12 if
and only if I is a semiprime ideal. Also note that if IV is a submodule of M, such that N is

an intersection of prime submodules of M, then N is semiprime in M.

Proposition 2.13. Let R be a ring, M a quasi projective multiplication R-module and

N a proper submodule of M. Then the following conditions are equivalents:

1) N is semiprime in M.



1) If m € M is such that Rmy;Rm C N, then m € N.

191) N is an intersection of prime submodules of M.

The result in Proposition 2.13 was given in [12, Proposition 1.11] but with M projective
in o [M]. As M is a multiplication module, then by [25, Notel.5.] we have that M is a duo
module. So we only need the hypothesis that M is a quasi projective module and the proof

of Proposition 3.13 is similar to the proof given in [9, Proposition 1.11].

Notice that the condition i) implies that there exists prime submodules in M.

Remark 2.14. The results obtained in Proposition 2.6, Corollary 2.7 and Corollary 2.8

for prime submodules of M can also be given in terms of semiprime submodules of M.

We know that if R is a commutative ring and I is an ideal of R, then the radical of I, /I,

is defined as:

VI={xeR|z" eI for some n € N}

And it can be proven that v =N{P € Spec(R) | I C P}.

In the module case we give the following definition:

Definition 2.15. Let R be a ring, M an R-module and N a fully invariant submodule of
M. The radical of N in M is

VN =n{P C M | P is aprime in M and N C P}
If M has no prime submodules P such that N C P, then VN = M. In particular

VM =M.

Remark 2.16. If R is a commutative ring and M is a multiplication module, then by

Remark 2.2 we have that every proper submodule N of M is contained in a prime submodule

of M. Hence we obtain that v/N & M for all proper submodules N of M.

Corollary 2.17. Let R be a ring, M a multiplication R-module and N a proper fully
invariant submodule of M. If /N # M, then v/N is the minimal semiprime submodule of M
such that N C v/N.

Proof. As /N # M, then there exists P a prime module in M such that N C P. So it

is clear that v/ N is a semiprime module. Now let L be a semiprime module in M such that



N C L. By Proposition 2.13 we have that L = N;c;Q; where @; is prime in M for all ¢ € 1.
Since N C L, then N C Q; all i € I. Thus v/N C L.

Proposition 2.18. Let R be a ring and M an R-module. Suppose that N and L are fully

invariant submodules of M, then the following conditions hold:
i) If N C L, then VN C v/L.
i) VN = VVN.
iit) VN +L = V/VN + VL.
i) VNOL C VNN VL.

U) VN L C \/Nﬂ \/E

Proof. They are straightforward.

If we define N> = Np;N. Then by induction, for any integer n > 2, we define N" =
Ny N1 Note that if N is prime in M, then v N® = N.

Definition 2.19. If R is a commutative ring and M is a multiplication R-module, an
element m € M is M-nilpotent if (Rm)" = 0 for some n > 0. The M-nilradical N (M) of M
is the set of all M-nilpotent elements in M.

Proposition 2.20. If R is a commutative ring and M is a multiplication R-module, then

the M-nilradical N (M) is a submodule of M.

Proof. If m € N (M) and r € R, then R (rm) = (Rr)m C Rm. As (Rm)" = 0 for some
n > 0, then (R (rm))" C (Rm)" = 0. Hence rm € N (M). Now let my, my € N (M), then
(Rm1)"" =0 and (Rm2)" = 0 for some ny > 0 and ny > 0. As M is a multiplication module,
then by Proposition 1.4. we have that (Rm2),, (Rm1) = (Rm1),, (Rmz). Thus we can use the

ni+ng—1

binomial theorem. So (Rmy + Rms) is a sum of integer multiples of products (Rm1)"

(Rms2)®, where r +s = m +n — 1. We cannot have both r < ny and s < ns. Hence each of
these products vanishes and therefore (Rmy 4+ Rmy)™ 77! = 0. Thus my + my € N (M).
So N (M) is a submodule of M.



Proposition 2.21. Let R be a commutative ring and M a non zero multiplication R-

module, then the following conditions hold:

i) N (M) C V0.
i1) If N is a prime submodule of M, then ann (M/N) is a prime ideal of R.

19t) If M is a faithful multiplication module and @ is an ideal prime of R such that
QM # M, then QM is prime in M.

Proof. i) As M # 0, then v/0 # M. So 1/0 is the intersection of all prime submodules of
M. If m € N (M), then there exists n > 0 such that (Rm)" = 0. So (Rm)" C P for all prime
submodule P of M. Thus Rm C P for all prime submodules P of M. Hence m € /0. Thus
N (M) C V0.

1) Suppose that I and J are ideals of R such that IJ € ann (M/N). So (IJ)M C N.
Now we consider the modules K = IM and L = JM. So by proof of Proposition 1.4 we have
that Ky L = (IJ)M C N. As N is prime in M, then IM = K C N or JM =L C N. Hence
I(M/N)=0orJ(M/N)=0. Thus I C ann(M/N) or J C ann (M/N).

1i1) Let K and L be a submodules of M such that Ky, L C QM. Since M is a multiplication
module, then there exists I and J ideals of R such that K = IM and L = JM. Hence
(IJ)M = (IM),, (JM) C QM. So by Proposition 1.6 we have that IJ C (). As @ is a prime
ideal, then I C Q or J C @ . Thus IM C QM or JM C QM. So K CQM or L C QM.
Thus QM is prime in M.

Notice that if N = QM where @ is a prime ideal of R, then @ = ann (M/N). In fact as
QM = N = ann (M/N) M, then by Corollary 1.7 we have that @ = ann (M/N). Also note
that if M is a finitely generated module, then by [12, Theorem 3.1] we have that QM # M
for all proper ideals @ of R. So if M is as in i) and M is finitely generated, then QM, is a

submodule prime in M for all prime ideals @ of R.

Corollary 2.22. Let R be a commutative ring, M € R-Mod is a faithful multiplication
module and @ is an ideal prime of R. Suppose that QM # M, then Q = ann (M/QM).

Proof. By Proposition 2.21 we have that N = QM is a prime submodule of M and
ann (M/N) is a prime ideal of R . As QM = N = ann (M /N) M, then by Corollary 1.7 we
have that Q@ = ann (M/N) = ann (M/QM).

10



Note that we can obtain similar results to the Proposition 2.21 i), i7i) and Corollary 2.22

in terms of semiprime modules in the following propositions.

Proposition 2.23. Let R be a commutative ring and M a multiplication R-module, then

the following conditions hold:
i) If N is a semiprime submodule of M, then ann (M/N) is a semiprime ideal of R.

19) If M is a faithful multiplication R-module and @ is a semiprime ideal of R such that
QM # M, then QM is semiprime in M.

Corollary 2.24. Let R be a commutative ring, M € R-Mod a faithful multiplication
module and @ a semiprime ideal of R. Suppose that QM # M, then Q = ann (M/QM) M.

Proposition 2.25. Let R be a commutative ring and M a faithful multiplication R-
module. Suppose that QM # M for all maximal ideals @ of R. If P = Nyep P, with P,
prime ideal of R for every « € L, then PM = Nyep (P M).

Proof. As M is a multiplication module, then by Remark 2.16 we have that P,M # M
for all & € £. If we put N = PM and N’ = Naerp (PoM), then PM C P, M for all o € L.
Thus N € N’. On the other hand, by Proposition 2.13 we have that N’ is semiprime in M.
Moreover we know that N’ = ann (M/N') M. Thus (NacrzPa) M C ann (M/N’) M. Now by
Proposition 2.23 we have that ann (M/N’) is a semiprime ideal of R. Thus by Proposition
1.8 we have that NaezPa C ann (M/N'). As ann (M/N') (1) = 0, then ann (M/N') M C
N’ = Naer (PoM). Hence ann (M/N')M C P,M for all « € L. So by Proposition 1.6 we
have that ann (M/N') C P, for all @ € L. Thus ann (M/N’) C NaecP.. So we have that
NaccPo = ann (M/N'). Thus PM = (NaesPa) M = ann (M/N') M.

Corollary 2.26. Let R be a commutative ring and M a faithful multiplication R-module.
Suppose that QM # M for all maximal ideals @) of R, then a proper submodule N of M is
semiprime (prime) in M if and only if there exists a semiprime (prime) ideal P of R such that

N =PM.

Proof. =] Suppose that N is semiprime(prime) in M, then by Proposition 2.13, we have
that N = Nyers N, where every N, is prime in M. Now by Proposition 2.23 (Proposition 2.21)
we know that ann (M/N,,) semiprime(prime) ideal of R and N, = ann (M/N,) M. Thus N =
NaccNo = N = Nper [ann (M/Ny) M]( or N = ann (M/N)M). By Proposition 2.25 we
have that N = [Naez ann (M/Ny)| M (or N = ann (M/N) M). Moreover Npez ann (M/N,)
(ann (M/N)) is a semiprime (prime) ideal of R.

11



<] As P is a semiprime(prime) ideal of R, then P = N;c7 P; with every P; is a prime ideal
of R. Then by Proposition 2.25 we have that N = PM = N;e7 (P;M). By Proposition 2.21

we have that P;M is prime in M. Therefore N is semiprime in M.

Theorem 2.27. Let R be a commutative ring and M a faithful multiplication R-module
and QM # M for all maximal ideal Q of R. Then v/ IM = +/TM for all proper ideals I of R.
Where /T is the prime radical of I.

Proof. Suppose that VI = Nycr P, where every P, is a prime ideal of R with I C P, for
all @ € L. Now by Proposition 2.25 we have that VIM = Naer (PoM). As P, M is prime
in M, then VIM is semiprime in M. Since I C \ﬁ, then IM C v/IM. Therefore vVIM C
VIM. On the other hand if we put N'= {N’ C M | N" is prime in M and M C N'}, then
VIM = NnienN'. Let N' € N. So N’ = P'M with P’ prime ideal of R. Thus IM C P'M.
By Proposition 1.6 we have that I C P’. Therefore /I C P’. Hence vVIM C P'M = N’ for
all N € N. Thus VIM C VIM.

Notice that if N is a proper submodule of M, then N = I M for some proper ideal I of R.
So by Theorem 2.27 we have that VN = /I M.

3 Zariski Topology for Multiplication Modules

In this section we give the Zariski Topology for a module multiplication M. We describe open
sets and closed sets of this topology and we give a basis of open sets for the Zariski topology.

We denote Spec (M) = {P | P is a prime submodule of M}.

Several of the followings results have been given recently. We include here those results

for convenience of the reader.

Proposition 3.1 . (Jawad [13], Jawad-Lomp [14] ). Let R be aring and M a multiplication
R-module, then (Spec (M), T) is a topological space,
where T ={U (N) | N € Sub(M)} is the topology and U (N) = {P € Spec(M) | N ¢ P}

are open sets.

Remark 3.2. AsU(N)=U (\/N) for all N € Sub (M), then:

T={U(N)|N e Semp(M)U{M}}. Thus we can consider the open sets as U (N) with
N semiprime in M or N = M.

12



Following to [4] we say that T is the Zariski topology and Spec (M) is called the prime
spectrum of M. The topological space (Spec (M), T) will be denoted by Z (M).

Lemma 3.3 (Jawad [13]. Jawad-Lomp [14] ). Let R be a ring and M an R-module. If N
and L are submodules of M, then the following conditions hold:

HUL)NU(N)=U(LyN).

ii) U (L) = @ if and only if L C /0.

i) U (L) = Spec (M) if and only if L = M.

iv) U (L) =U (N) if and only if VL = v/N.

Notice that if M is a semiprime module, then 0 = N,cspec(ar) . Thus V0 = 0.

Let R be a commutative ring and M a multiplication R-module. For each subset E of M,

we denote V (E) = {P € Spec(M) | E C P}. Notice that {N;},.; is a family of submodules

of M. Moreover we have that V (U;erN;) =V (Z Ni).
i€l

Proposition 3.4. (Jawad [13]. Jawad-Lomp [14] ). Let R be a ring and M an R-module,
then the following conditions hold:

i) If E is a subset of M and (E) = %ERm7 then V(E) =V ((E)) =V ( (E))

1) V (0) = Spec (M) and V (M) = @.
ii1) If {Ei},c; is a family of subsets of M, then V (Uier ;) = NierV (E;).
iv) If N and L are submodules of M then V(NNL) =V (NyL)=V(N)UV(L).

Notice that if (E) € Sub (M), then the complement V (<E>)C of V ((E)) is the set U ((E)).
Thus the results of Proposition 3.4 show that the sets V ((E)) satisfy axioms for closed sets in

the Zariski topology. We also note that V (({m}))c =V (Rm)C =U (Rm) for all m € M.

Proposition 3.5. (Jawad [13]). Let R be a ring and M an R-module. Then B =
{U(Rm) | m € M} is a basis of open sets for the Zariski topology.

4 Compact, Irreducible and Dense subspaces

In this section we characterize compact sets of the form U (N) in terms of finitely generated
submodules of M. We also characterize irreducible sets of the form U (V) in terms of finitely

uniform submodules of M.
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Proposition 4.1.(Jawad [13]. Jawad-Lomp [14] ) Let R be a commutative ring and M

a multiplication R-module. Then the following conditions are equivalents:

1) M is finitely generated.
11) The topological space Z (M) is compact (that is, every open covering of Spec (M) has

a finite subcover).

Corollary 4.2. Let R be a commutative ring and M a multiplication R-module. If M is
finitely generated and N is a submodule of M such that N is a direct summand of M, then
U (N) is compact in Z (M).

Proof. As N is a direct summand of M then there exists a submodule L of M such that N®

L = M. Now let {U (Rm;)};c; be an open cover of U (N) and {U (Rm;)},.; an open cover of

iel
U (L). We can suppose that U (N)NU (Rm;) # @ and U (L)NU (Rm;) # @ for all 4, j such that
i€landjeJ. Soitis clear that {U (N) NU (Rm;)};c; and {U (L) NU (Rmy)},. , are open
covers of U (N) and U (L) respectively. We claim that [/ (N) NU (Rm;)|N[U (L) NU (Rm;)] =
@ for all i, j such that i € I and j € J. In fact let P € U (N) NU (Rm;)|N U (L) NU (Rm;)],
then P € U(N)NU(L). So N ¢ P and L ¢ P. As P is a prime submodule of M then
Ny L g P. Since M is a duo module, then Ny;L. C N N L = 0. Therefore Ny;L C P for all,
P € Spec(M) is a contradiction. Hence [/ (N) NU (Rm;)] N [U (L) NU (Rm;)] = @.

Now Spec (M) = U(M) = UN® L) = U(N)UU(L), then {U (N)NU(Rm;)};c; U
U (D) U (Rmy)}
is compact. So the cover {U (N) NU (Rm;)};c; U{U (L) NU (Rmy)} . ; has a finite subcover.

;.7 1s an open cover of Spec (M). By Proposition 4.1 we have that Spec (M)

Let {U (N)NU (Rmy)}i, U{U(L)NU (ij)};:1 be a finite subcover such that

Uy (U (N)NU (Rm;)) U{U (L) NU (Rm;)};_,.

As [U(N)NU(Rm;)|N[U(L)NU(Rm;)] =@ foralli=1,2,..,nand j =1,2,...,r, then
{U (N) U (Rm;)};_, is a finite subcover of {U (N) NU (Rm;)},c ;-

SoU (N)=U, [U(N)NU(Rm,;)] CU U (Rm;). Thus U (N) is compact.

Proposition 4.3. (Jawad [13]. Jawad-Lomp [14] ). Let R be a commutative ring and M
a multiplication R-module. If N is a submodule of M such that U/ (N) is compact, then there
exists a finitely generated submodule L of N such that U (N) =U (L).

Proposition 4.4. (Jawad [13]. Jawad-Lomp [14] ). Let R be a commutative ring and M
a multiplication R-module. If E' is an open subset of Spec (M) such that F is compact, then
there exists a finitely generated submodule L of M such that E =U (L).
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The following definition was given in [8, Commutative Algebra II-4-1].

Definition 4.5. A topological space X is said to be irreducible if X # & and that the
intersection of two non-empty open sets of X be always non-empty. A non-empty subset Y of

X is an irreducible set in X if the subspace Y of X is irreducible.

Proposition 4.6. Let R be a commutative ring and M a multiplication R-module. Sup-
pose that M is a semiprime module. If N is a submodule of M such that I (N) is an irreducible

set in Z (M), then N is a uniform module.

Proof. Let K # 0 and L # 0 be proper submodules of N. We claim that U (K) # &
and U (L) # @. In fact if U (K) = @, then by Lemma 3.3 ii) we have that K C 0 =
Npespec(m)P- As M is a semiprime module, then 0 is a semiprime submodule of M. So
V0 = Npespec(myP = 0. Thus K = 0 it is a contradiction. Analogously U (L) # @. Since
UK) CU(N); U(L) C U(N) and U (N) is irreducible, then U (K) NU (L) # &. By
Lemma 3.3 7) we have that U (K L) # @. Hence Ky L # 0. Since M is a duo module, then
Ny L CNNL. Thus NN L #0. So N is a uniform module.

Notice that if R is a commutative ring and M is a multiplication R-module such that

U (M) = Spec (M) is an irreducible set in Z (M), then M is a uniform module.

Proposition 4.7. Let R be a commutative ring and M a multiplication R-module. If N
is a uniform submodule of M and +/0 is prime in M, then I (N) is an irreducible set in Z (M).

Proof. We denotev/0 = Q. Let U (K) # @ and U (L) # @ be open sets such that
UK) CUN)and U(L) CU(N). So N # 0 and L # 0. By Lemma 3.3 i) we have that
UL)NU(L)=U(NyL). Now if U (Kp L) = @, then KpyL C Q. As @ is prime in M, then
K C Q or L C Q. On the other hand we have that Q = /0 = Npespec(m)P. Hence Q € P
for all P € Spec(M). Thus U (Q) = @. Since K C Q or L C Q, then U (K) CU(Q) = F or
U(L) CU(Q) =2, is a contradiction. Thus U (L) NU (L) =U (Ny L) # @. Hence U (N) is

irreducible.

Remark 4.8. If M is a prime and duo module, then M is a uniform module. In fact
let N and L be submodules of M such that N N L = 0. As M is a duo module, then
NyL C NN L =0. Since M is a prime module, then N =0 or L = 0. So M is a uniform
module. Moreover, when M is a prime multiplication R-module we know that 0 is prime in
M. So v/0 = 0. Thus U (N) is an irreducible set in Z (M) for all non-zero submodules N of
M.

15



Definition 4.9. A subset B of a topological space X is said to be dense in X if U N B
# @& for all open sets @ # U of X.

Proposition 4.10. Let R be a commutative ring and M a multiplication R-module.

Suppose that /0 is a prime submodule of M. If N # 0 is a uniform submodule of M such
that U (N) # & , then U (N) is dense in the topological space Z (M).

Proof. Let U (L) # @ be an open set of the topological space Z (M). Suppose that
U(N)NU (L) = @. Then by Lemma 3.3 i) we have that U (NysL) = @. Hence Ny L C /0.

As /0 is a prime submodule, then N C /0 or L C v/0. Hence U (N) =@ orU(L) =0 is a
contradiction. Therefore U (N)NU (L) # @. So U (N) is dense.

Note that Proposition 4.10 is not true in general. We consider the following example:

Example 4.11 . Let R = Z, p be a prime number and M = Z,» with n > 2. We know
that M is a Z-multiplication module. It is clear that pZ,~ is a uniform submodule of M.
Moreover pZyn is the only one prime submodule of M. So \/pZyn = pZy~. Thus we have that

U (pZyn) = @. Therefore U (pZyn») is not dense in the topological space Z (M).

Corollary 4.12. Let R be a commutative ring and M a prime multiplication R-module.

If N # 0 is a uniform submodule of M, then U (N) is dense in the topological space Z (M).

Proof. We claim that U (N) # @. In fact if Y (N) = &, then by Lemma 3.3 i) we
have that N C /0. Now as M is a prime module, then 0 is a prime submodule of M. Thus
V0 = Npespec(m)P = 0. Hence N = 0 is a contradiction. Thus ¢ (N) # . So by Proposition
4.10 we have the result.

Note that in Example 4.11, the module M = Z,» is not a prime module.

5 Main Results and Applications

In this section we prove that {Semp (M), A, V}is a frame for every ring R and every multi-
plication R-module M. We also prove that if R is a commutative ring and M a multiplication
R-module, then Sub(M) is a bilateral quantal. Moreover we prove Semp (M/N) is a spa-
tial frame for all submodules N of M. When M is a quasi projective module we obtain
that [N,M] = {P € Semp(M) | N C P} and Semp(M/N) are isomorphic as frames. On
the other hand when M is a faithful multiplication R-module and QM # M for all maximal
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ideals @ of R, then i) The topological spaces Spec(R) and Spec (M) are homeomorphic i)
Semp (R) = Semp (M) as frames i) cl.K dim (M) = cl.K dim (R). As a special result we
obtain that ¥ (M) = {N C M | N + Anny; (Rn) = M, Vn € N} is a spatial frame for every
multiplication R-module M. The set U (M) was studied by [17]. Finally we show that if R

is a ring and Z (M) is a noetherian topological space, then M has a classical Krull dimension.

Remark 5.1. When R is a commutative ring and M is a multiplication R-module,
then by Proposition 1.2 (7) we have that N ", ; K; = [Ziel KZ-] MN =3 (KiuN) =
> ier (NmK;) for every {K;}, o, family of submodules of M and for all submodules N of M.

For the definition of frame and quantal see [17 ].

Proposition 5.2. Let R be a commutative ring and M a multiplication R-module, then

{Sub(M), <, VvV, AN, M,0, _,,_}is a bilateral quantal.

Proof. It is clear that {Sub(M), <, V, A, M, 0} is a complete lattice where "<"
denotes C. As R is a commutative ring, then by Corollary 1.5 we have that the product
o Sub(M) x Sub(M) — Sub(M) is associative. Moreover by Remark 5.1 we obtain

that Nard oo Ki = e (NuK;) for every {K;}, o, family of submodules of M and for

i€l
all submodules N and L of M. Moreover by Proposition 1.2 (7) we have that:

> ier Ki]M N =3 ,c; (KipN). Thus by [17, Definition 2.4] we have that

{Sub(M), <, VvV, AN, M,0, _,,_} is a quantal. Now by Lemma 1.3 we have that

MyN = tM(N) = N. As M is a duo module, then N is a fully invariant submodule of
M. So NyM = N. Hence {Sub(M), < V,0, ,,_ } is a bilateral quantal.

We denote Semp (M) ={N C M | N is semiprime in M} U{M}. It is easy to prove that
NAN' = NNN"and NVN’ = /N + N’ are the meet and join of lattice Semp (M ). Moreover

this lattice is complete.

Theorem 5.3. Let R be aring and M a multiplication R-module. Then {Semp (M), A, V}

is a frame.

Proof. We know that {Semp (M), A, V} is a complete lattice. Now let N € Semp (M)
and {N;}, .7
Viez (N A N;).

As N A (ViezN;)) = NN (V2

be a family of submodules in Semp (M). We will prove that N A (V,ezN;) =

ieT Nz) and \/iGI (N AN Nl) = ZiEI (N N Nz) IftN = M,
then we have the result. Suppose that NV & M. It is clear that NN NN; € NN (‘/Ziel Ni)

17



for all j € Z. Thus Y ,.;,(NNN;) € NN (/> ,ezNi). By Proposition 2.13 we have

i€T
that N N (/3,7 Ni) is an intersection of prime submodules of M. So /3 ,.7 (NN N;) C
NN ( dicT Ni). Now let P prime in M such that ), . (NN N;) € P. Thus NN N; C P

for all ¢ € Z. Since N is a fully invariant submodule of M, we have that Ny;N;, C N N N;.
So NyyN; € P. As P is prime in M, then N C Por N, C P. If N C P, then N N

(‘/ZieINi) C P. Hence NN (\/Ziel Ni) C \/ZieI (NNN;). If N ¢ P, then N; C P for
alli € Z. Thus } ;.7 Ny € P. So /> ;c7 Ny € P. Therefore N N (*/Ziez Ni) C P. Hence
NN (,/ZieI Ni) C /2 ier (NN N;). Therefore N N (‘/Ziel Ni) =2 ier NNN;). So

N A (\/iGINi) = Vjez (N N Nl)

Note that if M is a multiplication R-module and N € Semp (M), then the set [N, M] =
{P € Semp (M) | N C P} is a subframe of Semp (M).

Remark 5.4. If R is a ring we know that every semiprime ideal is an intersection of prime

ideals of R. Therefore we have that {Semp (R), A, V} is a frame for every ring R.

We denote O (Spec(M)) = {7, C,U, N} the frame of open subsets of Spec (M), where

T is the Zariski topology of Spec (M).

Theorem 5.5. Let R be a ring and M a multiplication R module, then Semp (M)
O (Spec(M)) as frames.

Proof. We define ¥ : Semp (M) — O (Spec(M)) such that ¥ (N) = U (N). We claim
that U is an order isomorphism. In fact suppose that Ny C No. If P € U (N1), then Ny € P.
Thus No ¢ P. So U (N;) C U (N;). Moreover if ¥ (Ny) = ¥ (Ny), then Ny = N. Thus ¥
is injective. Now let U (N) € O (Spec(M)), by Remark 3.2 we have that N is a semiprime
in M. So W is surjective. Therefore W is bijective and =1 (i (INV)) = N. Now suppose that
U (N1) CU(Ny). Thus if P is prime in M such that No C P, then N; C P. As N; and No
are semiprime modules, then by Proposition 2.13 we have that Ny C N5. So WV is an order
isomorphism, now by [23, Chapter III Proposition 1.1] we have that ¥ is a lattice isomorphism.

Hence WV is a frame isomorphism.

Definition 5.6. Let F be a frame. It is said that F is spatial, if F is isomorphic to O (X)

the frame of open sets of some topological space X.

Corollary 5.7. Let R be a ring and M a multiplication R-module, then Semp (M/N) is

a spatial frame for all submodules N of M.
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Proof. As M is a multiplication R-module, then M/N is a multiplication module. So
by Theorem 5.5 we have that Semp (M/N) = O (Spec (M /N)) for all submodules N of M.
Hence Semp (M/N) is a spatial frame for all submodules N of M.

Lemma 5.8. Let R be a ring and M a multiplication R-module. Suppose that M is quasi
projective and N is a submodule of M, then Semp (M/N) = {P/N | P € Semp (M)}.

Proof. As M is a multiplication module, then M is a duo module. By Remark 2.14 we
have that Semp (M/N) = {P/N | P € Semp (M)}.

Proposition 5.9. Let R be a ring and M a multiplication R-module. Suppose that M is
quasi projective and N € Semp (M), then [N, M] and Semp (M/N) are isomorphic as frames.

Proof. By Lemma 5.8 we have that Semp(M/N) = {P/N | P € Semp(M)}. So we
can define the morphism ¢:[N, M] — Semp (M/N) such that ¢ (P) = P/N. It is clear that
¢ is a bijective morphism. Now let P, P’ € Semp (M), then ¢ (PAP') = ¢(PNP') =
(PNP)/N = (P/N)N(P'/N) = ¢(P) A ¢(P'). On the other hand, we notice that

# = \/J]\)[—&—l;/ Therefore ¢ (PV P') = ¢ (VP +P’) = ¢(P)V ¢ (P’). Hence ¢

. . . —1. .
is a morphism of frames. Analogously we can prove that inverse ¢~ is a morphism of frames.

So [N, M] = Semp (M/N) as frames.

By Proposition 5.9 we note that when M is a quasi projective multiplication module and N
is a semiprime submodule of M, then the frame Semp (M/N) can be considered as a subframe

of Semp (M). So we have the following proposition:

Corollary 5.10. Let R be a ring and M a multiplication R-module. If M is a quasi
projective module, then the subframe [N, M] of Semp (M) is a spatial frame for all semiprime

submodules N of M.

Proof. It follows from Proposition 5.9 and Corollary 5.7.

Theorem 5.11. Let R be a commutative ring and M a faithful multiplication R-module
and QM # M for all maximal ideals @@ of R. Then the topological spaces Spec(R) and
Spec (M) are homeomorphic.
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Proof. We consider the function ¢ : Spec(R) — Spec (M) such that ¢ (I) = IM. By
Proposition 2.21 we know that IM is prime in M. Moreover by Corollary 1.11 we have that
¢ is injective. Now if N € Spec (M), then by Proposition 2.21 we know that N = ann (M/N)
M and ann (M/N) is a prime ideal of R. Thus ¢ is an epimorphism. We will show that
¢ is continuous. Let U (N) an open set of the Zariski’s topology of Spec(M). As M is a

multiplication module and U (N) = U (\/N), then we can suppose that N is a semiprime

module. Hence N = IM with I is a semiprime ideal of R. We claim that ¢~ (U (N)) =
o U IM)) = {J € Spec(R) | ¢ (J) €U (IM)} =

{J € Spec(R) | JM €U (IM)} = {J € Spec(R) | IM ¢ JM}. Now by Proposition 1.8
we have that {J € Spec(R) | I ¢ J} = U(I). So ¢~ ' (U (N)) is an open set of Zariski’s
topology of Spec(R). Analogously we show that if I/ (I) is an open set of Spec(R), then
@ (U (I)) is an open set of Spec(M). Therefore Spec(R) and Spec(M) are homeomorphic

topological spaces.

Theorem 5.12. Let R be a commutative ring and M a faithful multiplication R-module

and QM # M for all maximal ideals @ of R. Then Semp (R) = Semp (M) as frames.

Proof. We define ¢ : Semp (R) — Semp (M) such that ¢ (I) = IM. We claim that ¢ is
an order isomorphism. In fact let I, Is € Semp (R) such that [; C Iy, then 1M C I,M. So
v (I1) C o (I3). Nowif ¢ (I1) = ¢ (I2), then [; M = I M. So by Corollary 1.9 we have that I
= I5. Thus ¢ is injective. Now let N € Semp (M). As M is a multiplication module then by
Proposition 2.23 and Proposition 2.24 we have that ann (M/N) M = N and ann (M/N) is a
semiprime ideal of R. So ¢ is surjective. Thus ¢ is bijective and ¢! (N) = ann (M/N). Now
suppose that N1, No € Semp (M) such that Ny C Ny, then ann (M/Ny) M C ann (M/N2) M.
So by Proposition 1.8 we have that ann (M/N1) C ann (M/N3). Thus =1 (N7) C o1 (Na).
By [23, Chapter III Proposition 1.1] we have that ¢ is a lattice isomorphism. Hence ¢ is a

frame isomorphism.

Corollary 5.13. Let R be a commutative ring and M a faithful multiplication R-module
and QM # M for all maximal ideals @) of R. Then there exists a bijective correspondence
between Spec (R) and Spec (M).

Proof. Let P be a prime ideal of R. By Proposition 2.21 we have that PM is prime in
M . Thus the restriction ¢|g,.c(r) : Spec(R) — Spec(M) is injective. Now if N is prime
in M, then by Proposition 2.21 we have that ann (M/N) is a prime ideal of R. Moreover

N = ann (M/N) M. Therefore ¢|g,..(r) 18 surjective. So ¢|g,c.(r) is bijective.
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From the Definition 1.1. we note that it is natural to consider the annihilator of a module.

The next definition was given in [6].

Definition 5.14. Let M and K be R-modules. The annihilator of K in M is defined as:

Annyr (K) =nN{Ker (f)| f € Hom (M,K)}

Notice that Annys (K) is a fully invariant submodule of M and it is the greatest submodule
of M such that Annas (K),, K = 0.

In [17, Section 5] the authors define ¥ (M) which is a frame given by condition on annihi-
lators. They show that ¥ (M) is a spatial frame. When M is a duo module ( in particular a

multiplication module) we have that
U(M)={NCM|N+Anny (Rn) =M,Vn € N}

In [17 ] the following is shown: 1) If N € ¥ (M), then N> = N [Proposition 5.3 ]. 2) If
K,N € ¥ (M), then KNN = Ky N [ Proposition 5.4], 3) If {N;},.; € ¥ (M), then >, ; N; €
U (M) [Proposition 5.5]. To prove those results the authors contend that Ny ) ;. ; K; =
> ics Nu Ky, happens when M is projective in o[M]. But when M is a multiplication R-
module (with R a commutative ring) by Remark 5.1 we do not need that hypothesis to prove

the same results.

For the definition of a spatial frame, see [16, Quantales Definition 4.31].

Theorem 5.15. Let R be a commutative ring. If M is a multiplication module. Then

U (M) is a spatial frame.
Proof. It is similar to the proof given in [17, Theorem 5.6].

Note that if R is a ring with a commutative multiplication of ideals and M is a R-

multiplication module, then we have that ¥ (M) is a spatial frame.

The classical Krull dimension of a module M

The classical Krull dimension of a poset (X, <) was defined in [1]. We use the poset
(Spec (M), C) and we give the classical Krull dimension for an R-module M.

Set Spec™! (M) = ), and for an ordinal a > —1 define
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Spec® (M) =< P € Spec(M) | P<Q € Spec(M)=Q € U Spec’ (M)

B<a

If an ordinal o with Spec® (M) = Spec (M) exists, then the smallest of such ordinals is
called the classical Krull dimension of M; it is denoted by ¢l.K dim (M).

Notice that if M is a multiplication module, then by Remark 2.2 we have that M has
maximal submodules which are prime submodules of M.

So Spec® (M) = {P € Spec(M) | P is a maximal submodule of M }.

Remark 5.16. Let M be an R-module. Then by [1, Proposition 1.4] we have that M

has classical Krull dimension if and only if the poset (Spec (M), C) is noetherian.

Notice that if M is a noetherian R-module, then the poset (Spec (M), C) is noetherian,

therefore M has classical Krull dimension.

Theorem 5.17. Let R be a commutative ring and M a faithful multiplication R-module
and QM # M for all maximal ideals () of R. Then R has classical Krull dimension if and
only if M has classical Krull dimension. Moreover. cl.K dim (M) = ¢l.K dim (R).

Proof. By Theorem 5.12 and Corollary 5.13 we have that ¢ (P;) C ¢ (P2) & P, C P,
where P; and P, are prime ideals of R. Therefore ¢ (Spec® (M)) = Spec® (R) for all ordinal
a. Moreover g is injective. Hence cl.K dim (M) = ¢ < cl.K dim (R) = 4.

The following definition was given in [13, Definition 3.26].

Definition 5.18. A topological space (X, 7) is said to be noetherian if and only if every
ascending (descending) chain of open (closed) subsets is stationary, equivalently if and only if

every open subset is compact.

Proposition 5.19. Let R be a ring and M a multiplication R-module. Suppose that

Z (M) is a noetherian topological space, then M has a classical Krull dimension.

Proof. If P, C P, C ... C P,..... is a chain in Spec (M), then U (P,) C U (P,) C ... C
U(P)..... is a chain in Z (M). As the Zariski Topology is noetherian, then there exists a
natural number k& such that U (Py) = U (Py+1). Now if Py & Pyiq, then Pyyq € U (Py), a
contradiction. Therefore P, = Pry1. So (Spec(M), C) is a noetherian set. Thus M has

classical Krull dimension.

This work was supported by the grant PAPIIT IN100517.
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