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Introduction

The differentiability in the sense of Lorch corresponds to the Fréchet
differentiability with respect to algebras. There is also a Gateaux differ-
entiability with respect to algebras. With respect to this two definitions
of differentiability there have been several works to solve classical
partial differential equations (PDEs for plural and PDE for singular) of
mathematical physics by means of conjugate functions of differentiable
functions, see [1-8], and [9]. Ketchum’s work stands out, which
perhaps has not been understood or has been misinterpreted, because
he works with algebras in a general way, which makes it seem a bit
complicated to construct solutions of PDEs by the method he proposes.
The theory of analytic functions over algebras has been developed since
the end of the 19th century, also see [10-14], and [15].

In this paper the “Pre-twisted Differentiability” is introduced, which
is similar to the differentiability in the sense of Lorch. We say f is A-
differentiable if f is differentiable in the sense of Lorch with respect to A.
Pre-twisted differentiability depends on a differentiable function in the
usual sense ¢ and on an algebra A (see Section 1). Thus, we call it pA-
differentiability to make explicit the dependence. This differentiability
can be used to make more explicit the method given by Ketchum for
the construction of solutions of classical mathematical physics PDEs;
in [16] algebras have been given for which the conditions (2), (3), and
(4), given in [4] pp. 642 are satisfied, so that their fulfillment is no
longer required. Thus, only the conditions given in (47) of [4] pp. 660
are required to be satisfied, and if we consider w = w(x) affine, only
the second condition of (47) will be required.

* Corresponding author.

A vector field f is said to be algebrizable if f is A-differentiable for
an algebra A. The algebrizability of ordinary differential equations has
also been defined, see [17,18], and [19]. The case of algebrizability
of systems of two first order PDEs with two dependent and two inde-
pendent variables is being worked in [20]. In this paper we introduce:
the pA-differentiability, the generalized Cauchy-Riemann equations for
the @A-differentiability (¢A-CREs), a version of the Cauchy-integral
theorem for the pA-differentiability, a generalization of the first funda-
mental Theorem of calculus, Taylor expansions, and the @A-differential
equations. These allow us to consider the algebrizability of a wider class
of ODEs, PDEs, and PDE systems.

We call generalized Cauchy-Riemann equations (A-CREs) to the gen-
eralized Cauchy-Riemann equations for the A-differentiability. These
equations serve as a criteria for the A-differentiability. Therefore, the
A-differentiable functions give a complete solution of the A-CREs. The
use of pre-twisted differentiability very impressively expands the class
of PDE systems that can be solved in this way. The @A-CREs is a linear
system of n(k—1) PDEs, see Section 1.5. The pA-differentiable functions
are solutions of the @A-CREs, see Theorem 1.1, and Theorem 1.2
gives conditions under which the solutions of the @A-CREs are @A-
differentiable functions. Therefore, the set of all the pA-differentiable
functions is the set of solutions of the A-CREs. If f : U c R? - R3,
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f = (u, v, w), the pA-CREs have the form

appuy +ap U + a3 Wy + aypity + ajpv, +apw, = 0
a1y + Ay Uy + Ag3 Wy + Ay pplty + axgpUy + dypw, = 0, (€8]
azjpuy + as Uy + az3 Wy + a3ty + a3, + azpw, = 0

where a;;, are functions of (x,y,z), u, = % and so on. See [71

and [21] for the generalized Cauchy—Riemanr)lc equations for the A-
differentiability.

The conjugate functions of complex analytic functions are harmonic
functions, and in a simply connected domain each harmonic function
is the first conjugate function of a complex analytic function. This well
known result has been generalized in [16]; for each PDE of the form

Auy, + Bu,, + Cu,, =0, 2)

and for each affine planar vector field ¢, an algebra A is given with re-
spect to which the conjugate functions of all pA-differentiable functions
are solutions for this PDE. By using the generalized Cauchy-Riemann
equations associated with gA-differentiability it has been shown that
each solution of this PDE is a conjugate function of a pA-differentiable
function. Also, solutions for 3th and 4th order PDEs are constructed;
among these are the bi-harmonic, bi-wave, and bi-telegraph equations.
In Section 3.1 we consider the Cauchy Problems defined by PDEs of the
form (2) and conditions of the type

u(x,0) = Z akxk, u,(x,0) = Z bkxk. 3)
k=0 k=0

We show how a Cauchy problem can be solved by using @A-differen-
tiable functions. For most of the cases the method given can use A-
differentiable functions for solving the Cauchy problem considered.
However, in case (3) of Theorem 3.6 it is necessity the use of @A-
differentiable functions.

In [4] pp. 659, 660, analytic functions f(w) where w = w(x) and
f is differentiable in the sense of Lorch, are considered. An algebra A
whose analytic functions f(w) satisfy the Laplace’s equation is called
harmonic algebra. In [5] pp. 547 it is interpreted for an algebra to be a
harmonic algebra it is required that e2 + €3 + ¢ = 0, but this condition
is necessary for the case of w = (x,y,z) (in our notation ¢(x,y,z) =
(x,¥,z). In papers [22-26], and [9] the same condition is required.
This condition is used in [27] for the construction of solutions for the
three dimensional Laplace’s equation. Given a three dimensional vector
field ¢, we say that a three dimensional algebra A is a ¢-harmonic
algebra if

(P(el)z + (P(ez)z + (0(33)2 =0. 4

For ¢-harmonic algebras A the conjugate functions of all the @A-
differentiable functions are harmonic functions.

On one hand we have that there does not exist any three-dimen-
sional harmonic algebra with unit, see [28]. Secondly, all the harmonic
algebras were found, see [29,30]. For the algebra A defined by R? with
the product e§ =e,, e*; = ¢, where e = ¢, is the unit of A, and ¢ given
by
w=@x,y,2)=(=x—y+k,x—z+ky,y+z+kj),

one has that e% + e% + e% = e, +e, +e; = (1,1,1), and identity (4) is
satisfied. Therefore, ef + e% + e% # 0, and A is a p-harmonic algebra.

The organization of this paper is the following. In Section 1 we
recall the definition of an algebra which we denote by A, we in-
troduce the @A-differentiability and give some results related to this
like the @A-CREs. In Section 2 the Cauchy-integral theorem for the
@A-differentiability is given, the pA-differential equations and their so-
lutions are introduced, and we show they can be used for solving linear
and nonlinear ODE systems. In Section 3 we use the gA-differential
functions for solving Cauchy problems for a family of PDEs and we give
examples where gA-differential functions define solutions for linear
and nonlinear PDE systems. In Section 4 we discuss the results obtained
in this paper. It is explained how by using pre-twisted algebrizability
more nonlinear ODE systems can be solved.
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1. pA-Differentiability
1.1. Algebras

We call the R-linear space R” an algebra; denoted by A if it is
endowed with a bilinear product A x A — A denoted by (u,v) ~ uv,
which is associative and commutative; that is u(vw) = (uv)w and uv = vu
for all u, v, w € A; furthermore, there exists a unit e € A, which satisfies
eu=u for all u € A, see [31].

An element u € A is called regular if there exists u~! € A called the
inverse of u such that u~'u = e. We also use the notation e/u for u~!,
where e is the unit of A. If u € A is not regular, then u is called singular.
A* denotes the set of all the regular elements of A. If u,v € A and v is
regular, the quotient u/v means uv™!.

The A product between the elements of the canonical basis {e, ...,
e,} of R" is given by e;e; = Y| _, ¢z e, where ¢;;; € R for i,j.k €
{1,...,n} are called structure constants of A. The first fundamental repre-
sentation of A is the injective linear homomorphism R : A - M(n,R)
defined by R : ¢; = R;, where R; is the matrix with [R;];, = c;, for
i=1,...,n

1.2. Definition of @A-differentiability

We use notation x = (xy, ..., x;). The usual differential of a function
f will be denoted by df.

Let A be the linear space R" endowed with an algebra product.
Consider two differentiable functions in the usual sense f,¢ : U C
R¥ — R” defined in an open set U. We say f is pA-differentiable on U
if there exists a function f (; : U c R¥ —» R", that we call pA-derivative,
such that for all u € U

) f(x+5)—f(x)—f(’p(x)d(ﬂx(§)

lim =0
£50, CERK [l
where f (:, (x)d g, (&) denotes the A-product of f (’p (x) and dg,(¢). That is,
f is pA-differentiable if df (&) = f (’p(x)d(px(f) for all ¢ € R, In the
same way, high order pA-derivatives f » can be defined by considering
the limits

S+ - ) - fP ) d e, ©)

lim =0.
0, EERK ]

>

We will also use the notations ‘;—f for f (; and % for f (’p’ , and so on.

If k =nand ¢ : R" —» R" is the identity transformation ¢(x) = x, the
@A-differentiability will be called A-differentiability and the A-derivative
of f will be denoted by f’. This last differentiability is known as Lorch
differentiability, see [12]. Differentiability related to commutative and
noncommutative algebras is considered in [10].

1.3. Algebrizability of planar vector fields

The algebrizability of planar vector fields can be see in [19]. A
planar vector field f = (u,v) is algebrizable on an open set 2 c R? if
and only if the conjugate functions u, v of f satisfy at least one of the
following PDE systems

@ uy +pyv,—v, =0, u,—pjv, =0,
®) u, +pu, —v, =0, v, — pu, =0, and
() u, =0, v, =0.

For case (a) we take A = AZ(p,. p,), for (b) A = AZ(p,.p,), and for (c)
A= A%,z' These systems are called Cauchy—Riemann equations associated
with A (A-CREs), where p; € R for i = 1, ..., 4 are parameters, see [7].
For Af(pl, p,) the product is

‘ €] €
el | e e %)
e | e pregtpre;
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hence the unit is e = ¢,. The structure constants are

cn=1¢1p=0, ¢ =0, cp =1, )

¢ =0, €22 = P2s

=1y =p,

or equivalently, its first fundamental representation is

R(e.>=<(l) ?) R(e2>=<? ﬁ;) %

For A2(p;, p,) the product is

‘ €] €
ey | pep+pe e @®
€ € €

hence the unit is e = e,. The structure constants are

¢ =P ey =1 ¢n=0,

on =1

€112 = P2
o =0,

©)]

1 =0, op=1,

or equivalently, its first fundamental representation is

(1 _ 1 0
R(el)—<p2 O>’ R(ez)—<0 1>A (10)

For A?, the product is

)
an
hence the unit is e = ¢; + e,. The structure constants are
au=1 ¢p=0¢y3=0 ¢n=0 a2)
=0, ¢p=0, =0, ;=1

or equivalently, its first fundamental representation is

R(e1)=<(1) g) R(e2)=<g ?) (13)

1.4. On pA-differentiability

The @A-derivative f(;(x) is unique if d, (R¥) is not contained in the
singular set of A. The function ¢ : U c R¥ — R" is pA-differentiable
and (p:p (x) = e for all x € U where e € A is the unit. Also, the
A-combinations (linear) and A-products of pA-differentiable functions
are @A-differentiable functions and they satisfy the usual rules of
differentiation. In the same way if f is pA-differentiable and has image

e

in the regular set of A, then the function Y is pA-differentiable for
ne{l,2,...}, and

/ —nf’
<f£> = 4o
®
A @A-polynomial function p : R¥ — R” is defined by
P(x) = co + ¢ @(x) + c3(@()) + -+ + ¢, (@(x))" (15)
where ¢y, ¢,...,c,, € A are constants and the variable u represent

the variable in R¥. A gA-rational function is defined by a quotient
of two @A-polynomial functions. Then, @A-polynomial functions and
@A-rational functions are pA-differentiable and the usual rules of dif-
ferentiation are satisfied for the @A-derivative.

In general, the rule of chain does not have sense since ¢ is @A-
differentiable however the composition po¢ only is defined when k = n.
Even in this case the rule of the chain cannot be verified. Suppose that
@ is a linear isomorphism and that the rule of chain is satisfied. Thus
the Jacobian matrix of @og satisfies

J(@op) = MM = R((@o9),)M.

where M is the matrix associated with ¢ respect to the canonical basis
of R"” and R is the first fundamental representation of A. Then

J(pop)M ™' = M € R(A). (16)
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Therefore, if M has determinant det(M) # 0 and M ¢ R(A), the rule of
chain is not valid for the pA-differentiability. By (16)M € R(A).
We have the following first version of the rule of chain.

Lemma 1.1. If g : Q c R" - R”" is A-differentiable with A-derivative
g, f U c R — R"is pA-differentiable, and f(U) C £, then
gof : U Cc R¥ - R" is a pA-differentiable function with pA-derivative

(gof), = &N

Proof. The function gof is differentiable in the usual sense and

d(gof)x(8) = dgd [(&) = &' (S, ()de.(&). O

Lemma 1.1 has the following converse: each pA-differentiable func-
tion f can be expressed as gog where g is an A-algebrizable vector field,
as we can see in the following lemma.

Lemma 1.2. If ¢ : U Cc R" —» R" is a diffeomorphism defined on an open
set U and f : U C R" - R" a is pA-differentiable on U, then there exists
an A-differentiable vector field g such that f(x) = gog(x) for all x € U,
and g'(p(x)) = fq’,(x)~

Proof. Define g = fog™!, thus
gy = dfde, ) = [, ()dede ) = f1(x).
This means that g is A-differentiable at ¢(x) and its A-derivative is

gle(x) = f. O

We have the following proposition.

Proposition 1.1. Let ¢ : U c R" — R" be a diffeomorphism defined on
an open set U. The following three statements are equivalent

(@) f:UCR" - R"is pA-differentiable on U.

(b) g = fog~! is A-differentiable.

(c) f is differentiable in the usual sense on U and J f,(J ¢,)”! € R(A)
forall x e U.

Proof. Suppose (a), by Lemma 1.2 we have (b).

Suppose (b), then g = fog~! is A-differentiable. Since ¢ is a
diffeomorphism f = gog is differentiable in the usual sense, the rule
of the chain gives dg,,, = dfxod(p;(lx), and Jg, ) = JfXJ(p;(lx) € R(A).
That is, (b) implies (c).

Suppose (c). Since f is differentiable in the usual sense J Eo(x) =
TfJg,l € R(A) implies J £ = J g, J @y That is, df = dg,de,-
Thus, f is pA-differentiable. []

Corollary 1.1. Let f(x,y) = (u(x,y),v(x,y)) be a vector field for which
there exists a diffeomorphism ¢(s,t) = (x(s,1), ¥(s,1)) that is ¢ = ¢~! and
suppose that some of the following conditions are satisfied:

(a) There exist constants p, and p, such that
Uy Xg + UV + py(Uexg + uyys) —(Ux, + vyy,) =0,
uyx, +u,y, — p1(vyxg +v,5,) =0.
(b) There exist constants p, and p, such that
UpXyg+uyyo + prluex, +u,y,) — (0xx; +0y3,) =0,
U Xg + 0,y — pouyx, +uyy,) = 0.
(0 u.x, +uyy, =0 and v,x; + v,y = 0.

In case (a) we take A = A%(pl,pz), in (b) A = Ag(pl,pQ), and in ()
A= A% ,- Then f is pA-differentiable.

Proof. In the three cases the systems of partial differential equations
are the generalized Cauchy-Riemann equations given in Section 1.3
for g = fop~!, then g is A-differentiable. Thus, by Proposition 1.1 f
is pA-differentiable. [J
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We also have the following second version of the rule of chain.

Lemma 1.3. If ¢ : U ¢ R¥ - R” is differentiable on an open set U,
g 1 V c R - Rk is differentiable on an open set V with g(V) c U,
and f : U c R¥ — R" is pA-differentiable on U, then h = fog is
¢pA-differentiable on V for ¢ = @og, and h:ﬁ(x) =f ;} (g(x))

Proof. We have

dh, =d(fog), = d [ydgx = [ (NP8, = [,(8(x)db,.

Thus, h;,(x) = f;(g(x)). O
1.5. Cauchy-Riemann equations for the @A-differentiability

The canonical basis of R and R” will be denoted by {e, ..., e, } and
{ey,...,e,}, respectively, according to the context of the uses it will be
determined if e; belongs to R¥ or to R". The directional derivatives of
a function f with respect to a direction with respect to ¢; are denoted
by

fxi = flx,el + +fnx,en’

The Cauchy-Riemann equations for (¢,A) (@A-CREs) is the linear
system of n(k — 1) PDEs obtained from

do(e)) [y, =d(ﬂ(€;)ij a7)
fori,je{l,...,k}. Fori=1,...,k suppose ¢ = (¢, ..., ¢,), then
n
do(e) = @, = Z P, (18)
I=1

Since an algebra A is an A-module or a module over A, we have the
following:

(1) If F is a solution of

In the following theorem the @A-CREs are given.

Theorem 1.1. Let f = (f}, ..
the @A-CREs are given by

., f,,) be an pA-differentiable function. Thus,

Z z(fmx,- (plxj - fmxj (plxi)clmq =0 19

m=1 I=1

for1 <i<j<kandgq=1,...,n which is a system of n(k — 1) partial
differential equations.

Proof. The equalities (17) and (18) give
Z <Z Z(fmx[(plxj - fmx/(plx[)clmq> €= 0. O
g=1 \m=1I=1

The directional derivatives of gA-differentiable functions are given
in the following lemma.

Lemma 1.4. If f is pA-differentiable, for each direction x € R¥ we have

fo=f,0do,. (20)

Proof. The proof is obtained directly from the @A-differentiability of
fooa

The @A-differentiability implies the @A-CREs, as we see in the
following proposition.

Proposition 1.2. Let f : U ¢ R* — R” be a differentiable function in
the usual sense on an open set U, and k € {2,...,n}. Thus, if f is @A-
differentiable, then dg(e )y, = dole;) fx/' That is, the conjugate functions
of f satisfy the pA-CREs.
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Proof. By using (20) we have f, = f(:)dgo(e,-) and Iy = f(’pd(p(ej). Then
do(e))fy, = d(p(ej)f(;dw(ei) = d(ﬂ(e,-)f;,d<ﬂ(€,~) =dele)fy, O

We say o has an A-regular direction £ on U if £ : U — S! is a function
x — &, such that do(&,) is a regular element of A for all x € U, where
S! ¢ R* denotes the unit sphere centered at the origin. If ¢ has an
A-regular direction, Proposition 1.2 has a converse, as we can see in
the following theorem.

Theorem 1.2. Let f : U c R* — R” be a differentiable function in the
usual sense on an open set U, and k € {2, ...,n}. Suppose that ¢ has regular
directions on U. Thus, if the conjugate functions of f satisfy the ¢ A-CRE;,
then f is pA-differentiable.

Proof. Let & be a regular direction of ¢ on U. Since the conjugate
functions of f satisfy the pA-CREs we have that dg(e;)f, x, = dole) ij
for 1 <i,j < k. Thus,

J

dop(X)f,, = fy, D, x;dele) =
=1

n
de(l’(ej)fx,
J =1

= Y xdee)f,, = ), %/ dole)
j=1 J=1
= df(x)de(e,).

/e f:
Then, £, = Wfad(p(ei). We take g, = Wi:)

we have df(x) = Zf.;l xify,» and g,do(x) = Zf.;l x;8,dp(e;). Under
these conditions we have that d f(x) = 8pdp(x) for all x € Rk, That
is, f is pA-differentiable and f (; =g,. O

By proof of Proposition 1.2

We consider the following example.

Example 1.1. Let ¢ : R? — R? be given by ¢(x,y) = (y,x) and A the
complex field C. The CREs are given by

@(e)(u,v), = p(e))u, v),.

Then

e(uy, Uy) = ey(uy, v)) = (=0, 1),

from which we obtain the pA-CREs for the pA-differentiability

= -0 v

X y =u

X v
The function f(x,y) = (3* — x2,2xy) satisfies f(x,y) = (p(x,y))%. In

this case we have u(x,y) = y* — x> and v(x,y) = 2xy, and they satisfy
the @A-CREs.

2. @A-Differential equations
2.1. The Cauchy-integral theorem for the A-differentiability

If f: U cRf— R"”is a pA-differentiable function defined in an
open set U. The @A-line integral of f is defined by

1
/fd<ﬂ= /f(v)d<ﬂ(v') = /0 l FaNdely ()ds, (21)
14 14

where y is a differentiable function of ¢ with values in U, y(0) = x,
y(t) = x, f(y(s)de(/ (s)) represents the A-product of f(y(s)) and
do, S)(y/ (s5)), and the right hand of (21) represents the usual line integral
in R”.

A version of the Cauchy-integral theorem for the pA-line integral is
given in the following theorem, see Corollary 10.11 pg. 49 of [10] for
another version of the Cauchy-integral theorem relative to algebras.

Theorem 2.1. Let ¢ : U c R¥ — R”" be a C2-function defined on a
simply-connected open set U and f : U C R¥ — R" a pA-differentiable
function. If y is a closed differentiable path contained in U, then the pA-line
integral (21) is equal to zero.
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Proof. We will show that fde(y') = Zgzl(Gq,y’)eq, where the G,
are n-dimensional conservative vector fields. Remember that dg(e )=

X Pix; €1+
The A-product of f and ¢(y') is given by

n

n k k n
fdo(/") = (Z fmem> <Z y,’»dfp(e,-)> DI
m=1 Jj=1

m=1j=1 I=1

n n k n
- 3(Z 55wt )
q=1

m=1j=1 I=1

n k n n k
_ <<z ( » zfm(p,x,.c,mq) . zy;e,»)
q=1

j=1 \m=11=1

Jj=1

where (-, -) denotes the inner product of the vector field G, and 7', and

Gq = Z <Z meq’lxjclmq> ej

j=1 \m=1I=1

for ¢ = 1,...,n. By taking the exterior derivative of the dual 1-form
of F,, using the pA-CREs given by (19), and the commutativity of the
second partial derivatives of the conjugate functions of ¢, we show that
this 1-form is exact. Therefore, G, is a conservative vector field. []

If U is a simply connected open set containing x and x,, Theo-
rem 2.1 permit us to define

/ fd(p=/fd(ﬂ,
x0 4

where y is a differentiable function of r with values in U, y(0) = x,,, and
y(t) = x.

Corollary 2.1. Let ¢ : U ¢ R - R” be a C?-function on an open set U
and f : U c R¥ - R” be a pA-differentiable function. The vector fields

Gq = z (Z zfm(p/xjclmq> €

j=1 \m=1I=1

for g =1, ..., n are conservative, where @y, = - @rx; e

Example 2.1. Consider the algebra A with product of the elements of
the canonical basis of R? given by

e ) ]
e e e e
1 1 2 3 22)
ey | e eytey eytes
e3 e3 ey +e3 ey +e3

Let @(x,y) = (x,5,0). The function f(x,y) = ¢(x,y)~! is @pA-

differentiable and

1 —xy—y ¥ >

xy=\-r—4——F—=——)-
fx,y) <x x3 +2x2y° x3 +2x2y

Thus, the conservative vector fields G; for i = 1,2,3 are given by

G = (1.0 =(1.0),

—xy—y*

x+y
Gy =Unh+h+H)=5—=5 )
2= Uit nt/3) <x3+2x2y x2+2xy)

vy xy
K3 +2x2y" 3 4+2x2y )

If U is a simply-connected open set and f : U c R¥ - R” is
@A-differentiable on U, then the function

Gy = (f3. [L+f3)= <

Fx) = / F (),
X0

for x(, x € U is well defined. An gA-antiderivative of a function f : U C
R*¥ — R” is a function F : U ¢ R¥ - R” whose @A-derivative is given
by F, = f.
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For gA-polynomial functions the gA-antiderivative can be calcu-
lated in the usual way. The @A-line integral of A-differentiable func-
tions gives gA-antiderivatives, as we have in the following corollary
which is a generalization of the fundamental theorem of calculus.

Corollary 2.2. Let ¢ : U c R¥ — R” be a C?-function defined on a
simply-connected open set U and f : U c R - R" a pA-differentiable
function. If xy,x € U and

F(x) = / FWde),
X0

A
then F,= f.

Proof. We take the curve y(¢) = x+1¢£ joining x and x+¢, thus y'(r) = &.
The rest of the proof is a consequence of Theorem 2.1. []

2.2. @A-Differential equations

Let F : 2 c R" — R” be a vector field defined on an open set Q. A
@A-differential equation is
dw
== = F(w),
o (w)
finding a solution is understand as the problem of finding a @A-
differentiable function w : V; C R*F — R" defined in a neighborhood
V;, of 7y such that dw, = F(w(z))de, for all = € V,, and satisfying
the initial condition w(ry) = wy. Thus, for a pA-ODE w; = F(w) the
following notation has sense

dw _ F(w). 24)
deo

We have the following Existence and Uniqueness Theorem for A-
algebrizable vector fields and @A-differential equations.

w(zy) = wy, (23)

Theorem 2.2. Let ¢ : U ¢ R¥ - R” be a C?-function defined on an open
set U and F : 2 c R" —» R" a A-differentiable vector field defined on an
open set 2 with (U) C L. For every initial condition w, € Q there exists
a unique pA-differentiable function w : V, C R¥ - R” with w(zy) = wy
and satisfying (23), where V,, C U is a neighborhood of =

Proof. Define

T
Wy (1) =/ Fow,()de),  wy) = w,.
70

The constant function wy(v) is @A-differentiable. By Lemma 1.1 and
Corollary 2.2 we have that w,(v) is pA-differentiable. Thus, we apply
induction and show that w,(v) is pA-differentiable for all » € N. The
remaining arguments are similar to the usual Existence and Uniqueness
Theorem for ordinary differential equations. []

Let A be an algebra which as linear space is R”, and ¢ : V C
R* — R” a differentiable function defined on open set V. Consider a
function F : @ c R¥ x R" — A defined on an open set 2. We say
F is (@A, A)-differentiable if F(r,w) is pA-differentiable as a function
of z (with w being fixed) and F is A-differentiable as a function of w
(with 7 being fixed). We also say F is (A, A)-differentiable if F(zr,w) is
(@A, A)-differentiable for the identity map ¢ : A — A.

A non-autonomous @A-ordinary differential equation (¢A-ODE) is
written by

= Few,
where finding a solution is understood as the problem of finding a @A-
differentiable function w : V; C R¥ — R" defined in a neighborhood

V,, of 7y whose pA-derivative Z—’;

w(ty) = wy, (25)

oy . o
=wy, satisfies
dw, = F(r,w(r))de,. (26)

The corresponding existence and uniqueness of solutions can be stated
for (A, A)-differentiable functions F = F(r, w).
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2.3. Solutions for some @A-differential equations

Consider the ODE

dw

E:f(t’w)’ fiUCRXR" - R", 27)

defined in the open set U. Suppose the existence of a differentiable
function ¢ : I Cc R - R” and an algebra structure A on R” such that

» ¢’ has image in the regular set A*, and
« function (7, x) — f(1,x)¢'~1(t) is (pA, A)-differentiable.

Thus, we say the ODE (27) is (A, A)-algebrizable and that the ¢ A-ODE

dw _
de
is the (@A, A)-algebrization of (27).

ftwe' " @) (28)

Lemma 2.1. Let ¢(t) and f(t,x) be differentiable functions in the usual
sense. Suppose that ¢’ has image in the regular set A* and that function
(t,x) — f(t,x)@'~1(t) is (@A, A)-differentiable. Thus, w is solution of (27)
if and only if w is solution of (28).

Proof. Let w(?) be a solution of (27). We have w’ = dw and ¢’ = do.
Thus,

dw(t) = [f (1, w@®)e'™ )1de' 0.

Therefore, w(r) is a solution of (28).
Now, let w(r) be a solution of (28). Then w(?) is a pA-differentiable
function, and

L — dw =224 = (1.0 O 0) = 11,5,
t do

Thus, w(z) is a solution of (27). [

Given an algebra A which has linear space is R”, we say a function
F : Q c RExXR" » A is of A-separable variables if F(r,w) = K(r)L(w)
for certain functions K : R¥ —» A and L : R" — A which we call
A-factors of F.

The A-line integral is defined by the pA-line integral when ¢ : R" —
R" is the identity map. Some @A-differential equations can be solved,
as we can see in the following results.

Proposition 2.1. Consider an algebra A, a differentiable function in the

usual sense ¢, and the g A-ODE
W _ oy, (29)
de

where K is a pA-differentiable function with ¢ A-antiderivative H. Thus, all
the solutions of (29) are given by

w(r) = ce®, (30)

where ¢ € A is a constant.

Proof. If we take the @pA-derivative of w(r) given in (30), we obtain
that w(z) is a solution for (29).
Let W be another solution of (29). Consider &(z) = We=H(®) | then

& =W MO 1w ") K@) =W, - K@W)e " =0.
Thus, £(7) = ¢ is a constant in A, and W (z) = ce/®. [

In the following corollary we see a application of Proposition 2.1 in
the solution of linear systems.

Corollary 2.3. Let ¢ : I Cc R — R" be a differentiable function in the
usual sense and A be the linear space R" endowed with an algebra product.
The system of differential equations

& — kil o, @D
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where K(1) is a pA-differentiable function with pA-antiderivative H (t), has
solution

w(t) = cet!®, (32)

where ¢ € A is a constant.

Proof. The pA-algebrization of linear system (31) is

W _ ktyw. (33)
do
Thus, by Proposition 2.1 w(r) given in (32) is a solution for (33), and

by Lemma 2.1 w(¢) is a solution of the linear system (31). []

Example 2.2. Consider the linear system

dd—’: =(pe¥ - % sin(2))x + p; e’ (pye’ — cos(z) + sin(7))y,
dr e'(pye’ — cos(t) + sin())x + (p,e’ (pye’ — cos(?) + sin(?) + p; e

dr — )
-3 sin(21))y.
(€D)]

For @(tf) = (—cos(?),e’) and A = A%(pl,[h), the non-autonomous
linear system (34) can be written by

dw f
o )@ (Hw.

Thus, by Corollary 2.3 the solution of (34) is
w(t) = (k, De?"®, (35)

In the following proposition we consider the general case of A-
separable variables.

Proposition 2.2. Consider the p A-ODE

9 _ k@) Lw), (36)
do

where k(t)L(w) is a (@A, A)-differentiable function, where L has image
contained in the regular set of A. If w is implicitly defined by

Wy B T ,
/ L(u)_/ K(s)dop(s), 37)

where the left hand of (37) denotes the A-line integral and the right hand
of (37) denotes the pA-line integral, then w is a pA-differentiable function
of = which solves the pA-differential Eq. (36).

Proof. If w is implicitly defined by (37) as a function of z, then by
applying Lemma 1.1 to the left hand of (37) we calculate

/“’ﬂ L L/”’ dv o _ Y
L(v) g,_ dw Lw)) °  Lw)

Since K(r) is pA-differentiable, by Corollary 2.2 we have

(/ K(s)d(p(s’)) = K(7).
[

Therefore, w(r) is a solution of the pA-differential Eq. (36). [

If L(w) # ¢y + cyw for ¢y,c; € A in Proposition 2.2, then each @A-
ODE has associated a nonlinear ODE system. In the following Corollary
L(w) = w?.

Corollary 2.4. Consider an algebra A, a differentiable function in the usual
sense ¢, and the p A-ODE

dw

2= K(ouw? (38)
do

where K is a gA-differentiable function with gA-antiderivative H. Then,
by (37) —w™! = H(z) + ¢, where ¢ € A is a constant. Thus, the solutions
are given by

w(r) = ——— (39)

H@) +c
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The following corollary gives nonlinear ODE systems which can be
solved by solutions of @A-ODEs.

Corollary 2.5. Let ¢ : I C R — R" be a differentiable function in the
usual sense and A the linear space R" endowed with an algebra product.
The nonlinear ODE system

& — kg O, (40)
where K(1) is a pA-differentiable function with pA-antiderivative H (t), has
solution

—e

1= s 1
W= T te (41)
where ¢ € A is a constant.

Proof. The (@A, A)-algebrization of the nonlinear system (40) is
dw _ gy, (42)

do
Thus, by Corollary 2.4 w(t) given in (41) is a solution for (42), and by
Lemma 2.1 w(z) is a solution for the system (40). []

In the following example we give a family of nonlinear ODE systems
which are solved by solutions of ¢pA-ODEs.

Example 2.3. Consider the family of nonlinear ODE systems

L = (aa’ + p B)X* +2p (@ B+ af’ + prfB)xy
+pi[(@a + py B’ + po(a' B+ af’ + pr BV,
L = (@' p+ap’ +p X2 +2[(aa’ + p i fP) + (@’ B+ ap’ (43)
+p,BB)1xy
+[py(ad + pi BB') + (py + P2’ B+ apB’ + pr BNV,

where a, g are differentiable functions of 7, and p,, p, are real parame-
ters. Let A = A%(pl,p2) and ¢(t) = (a(?), f(1)). Thus, systems (43) can be
written by
L2 — oo O, (44)

t
and by Corollary 2.5 their solutions are given by

—e

w(t) = (45)

20 L
5 te
The solution of a first order ODE has the following version for the

case of pA-derivative.

Proposition 2.3. Consider the p A-ODE

4w | poyw = G(o), (46)
deo

where P and G are @A-differentiable functions. The solution w(r) is given
by

w(r) = e~/ PO (c + / G(r)e/ P<f>d“’<f’>dq;(r’)> : (47)
where ¢ € A is a constant.

3. On solutions of PDEs by using algebras

3.1. Solving a Cauchy problem by using ¢(A)-differentiability

In this section the vector field ¢ has the form
@(x,y) = (ax + by, cx + dy). (48)

We consider the Cauchy problem given by the PDE (2) and condi-
tions (3). We look for solutions which are components of A-differen-
tiable functions w(x, y) having the form

w(x, ») = D (e s)90x, 905, (49)
k=0
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where r, and s; depend on a, b;, A, and ¢.

The following theorem, which is Theorem 4.1 of [16], gives ¢
and A = A%(pl,pz) such that the conjugate functions of all the @A-
differentiable functions are solutions of (2).

Theorem 3.1. Consider ¢ given in (48) such that Ac? + Bed + Cd* #0,
and p,, p, given by
Aa* 4+ Bab + Cb? _ 2Aac + B(ad + bc) +2Cbd
A+ Bed+car T Ac? + Bed + Cd?

Thus, for the algebra A = Af(pl,Pz) the conjugate functions of each
@(A)-differentiable function are solutions of the PDE (2).

(50)

b1 =

The following theorem, which is similar to Theorem 4.1 of [16],
gives ¢ and A = A%(pl, p,) such that the conjugate functions of all the
¢pA-differentiable functions are solutions of (2). In a similar way the
following theorem can be proved.

Theorem 3.2. Consider ¢ given in (48) such that Aa® + Bab + Cbh* # 0,

and py, p; given by

_ 2Aac + B(ad + be) +2Chd _Ac*+ Bed + Cd?
Aa? + Bab + Cb? Aa? + Bab+Ch?’

Thus, for the algebra A = A%(m,Pz) the conjugate functions of each
@(A)-differentiable function are solutions of the PDE (2).

s by =

P = (51)

Proof. The proof is similar to that of Theorem 4.1 of [16]. []

All the solutions of the PDE (2) given in Theorem 3.1 can be
obtained by the conjugate functions of the pA-differentiable functions
for certain ¢ and A = Af(pl, P,), as we see in the following theorem
which is Theorem 5.1 of [16].

Theorem 3.3. Consider a linear vector field ¢ given in (48) such that
Ac? + Bed + Cd? #0, py, p, given by (50), and A = AX(p,. py).

(D If py(ad — bc) # 0 and u is a solution of (2), then u is the first
conjugate function of a pA-differentiable function.

(2) If (ad — bc) # 0 and v is a solution of (2), then v is the second
conjugate function of a @A-differentiable function.

All the solutions of the PDE (2) given in Theorem 3.2 can be
obtained by the conjugate functions of the pA-differentiable for certain
@ and A = A%(pl,pz), as we see in the following theorem which is
similar to Theorem 5.1 of [16].

Theorem 3.4. Consider a linear vector field ¢ given in (48) such that
Ad® + Bab+ Cb?* #0, py, p, given by (50), and A = Al(p;, p,).

(1) If py(ad — bc) # 0 and v is a solution of (2), then v is the second
conjugate function of a A-differentiable function.

(2) If (ad —bc) # 0 and u is a solution of (2), then u is the first conjugate
function of a @A-differentiable function.

Proof. The proof is similar to that of Theorem 5.1 of [16]. []

In the following theorem we use the A-differentiability for solving
a Cauchy problem.

Theorem 3.5. For AB # 0 and C = 0 we set A = A%(—B/A,O). Suppose
that conditions (3) satisfy a,,, = —= ka" for k € N. Thus, each solution for
the Cauchy problem defined by the PDE (2) and the conditions (3) is given
by the first component of

©

wex,y) = Y (ros) G690k, (52)

k=0

where (ry, sy) = (ag, sg) (s can take any value), (r;,s;) = (by,a; + %bo),

and
FEETE) e

(rssg) = <(—

| w
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Proof. Let A = AZ(-B/A,0) and ¢(x,y) = (x,y). By Theorem 3.4 each
solution u of the PDE (2) is the first component of a A-differentiable
function w(x, y) which can be given by (49). By evaluating w in (x,0)
we obtain

©

w(x, 0) = Z ro 5i) (x, 0)F —(ro,so)+z(——)k_lxk(rk,sk)(l,O)

- _B\""
_(ro,s0)+;( A) xk

B
(—zrk + sk,O) .

Then,
u(x,0)=r0+2(—2) (—er+sk)xk=Zakxk.
k=1 k=0
We obtain the relations
k-1
ro = ag, a = (—%) <—§rk+sk), k e N. (54)

The partial derivative of w with respect to y is

)

w,(x,y) = Z k (rk, sk) (x, )<L

k=1
Now, we evaluate w, in (x,0)

0

wy(x,0) = Z(k 1) (regrs Segr) (600
k=0

el k-1
= (s + 2(k+1)(—§) (s Sea)(1,0)
k=1

= (r,s)+ i(k+ 1)(—§)k_1 x* (_§Vk+l +Sk+1»0>-

k=1
Then,

)

uy(x,0) =ry + 2(k+ 1) (—%)kil (‘g’kﬂ +sk+1>xk = Zbkxk.

k=1 k=0

We obtain the relations

B\*'/ B
r =b0’ bk=(k+1) <_—> (__rk+l+sk+l)’ keN. (55)
A A
From (54) and (55) we obtain r; = by, s; = a; + fbo, and it is
necessary that
B by

ak+1=—zk—+1, k e N.

For the given values ry, s, in (53) for k > 2 the relations (54) and
(55) are satisfied. []

In the following theorem we use A-differe-
ntiability and @A-differentiability for solving Cauchy problems.

Theorem 3.6. The solution of the Cauchy problem defined by the PDE (2)
and the conditions (3) is given by a component of a pre-twisted differentiable
function w(x, y) of the form (49) which is given explicitly in following cases:

(1) For C # 0, we set o(x,y) = (x,y), and an algebra A = A3(p;, p,)

with parameters p, and p, given by
A B
-4 =-_B 56
Py C 123 C (56)

Thus, a solution of (2) is given by the second conjugate function of

< [ b
w(x,y) = (rg,ap) + Z <k—k1
k=0

where r(, can take any value.

(2) For C # 0, we set ¢(x,y) = (x + by,dy) such that d # 0, and
A+ Bb+ Cb> # 0, an algebra A = Af(p,, p,) with parameters p, and p,
given by

B
+ Eak+.,ak> o(x, )L, (57)

A+ Bb+ Ch? Bd +2Cbd
- e = _2drhd (58)
Py Cd? )] Cd?
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Thus, a solution of (2) is given by the first conjugate function of

d ba b
k+1
w(x, ) = (a9, 5) + Y. <ak+1,——+ +—Fk

% kL 59
z o pld(kH))"’("” (59)

where s, can take any value.

(3) For B # 0 and |A| + |C| = 0, we set ¢(x,y) = (x — y,x +y) and
A= A%(l, 0). Thus, a solution of (2) is given by the first conjugate function
of

by
w(x,y) = (ag, $o) + Z (ak+1,ak+1 e )w(x B AR (60)
k=0

where s, can take any value.

Proof. Suppose conditions given in (1). Thus, by Theorem 3.1 the
conjugate functions of each ¢(A)-differentiable function are solutions of
the PDE that appears in (2). By (2) of Theorem 3.3 each solution v(x, y)
of the PDE in (2) is the second conjugate function of a pA-differentiable
function w(x, y) for A = Af(p, ,P>)- We suppose w having the form (49).
So,

w(x,0) = Y (re.5)(x, 0 = (Zrkx", > skxk>.
k=0 k=0 k=0

Since (u(x,0),v(x,0)) = w(x,0) we have s, = a; for k = 0,1,.... The
partial derivative of w with respect to y is

wy(x,3) = Y kO, (g, sp)(x, p)<!
k=1

[s+]
A B
_ k(—— =2 ) el
kél Csk e Csk @(x,y)

Since s, = a; and (u,(x,0), v,(x,0)) = w)(x,0) we have

B
0,(x,0) = Z(k +1) (——ak+],rk+1 o ) X
k=0
Therefore, by the condition given in (2) on the value of the derivative
of the solution with respect to y b, = k (rk - gak) for k=0,1,2,.... So,

by, B
Tl = +1 +1
Suppose conditions given in (2). Thus, by Theorem 3.1 the conju-
gate functions of each ¢(A)-differentiable function are solutions of the
PDE that appears in (2). By (1) of Theorem 3.3 each solution u of the
PDE in (2) is the first conjugate function of a pA-differentiable function
w for A = Af(pl, p>). We suppose w having the form (49). So,

w(x,0) = i("k’sk)(ﬂ(& 0t = <i rix, i skxk) :

k=0 k=0 k=0

ak+l (61)

Since (u(x,0),v(x,0)) = w(x,0) we have r, = g, for k = 0,1,.... The
partial derivative of w with respect to y is

D kb, d)(ry s090x, )<

k=1

wy(x,y)

Z[(bkrk + prdksy, bksy + dkry + pydks)]e(x, y)< 1.
k=1

Since (u,(x,0),v,(x, 0)) = w,(x,0) we have

o
Uy (x,0) = Y (k + 1)(bryg; + pydsixk.

k=0
Therefore, by the condition given in (2) on the value of the derivative
of the solution with respect to y b, = (k + 1)(bry,; + pids,,) for
k=0,1,2,.... So,

bay by

_—t — 62
pid prd(k+1) 62)

Sk+1 = —
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Suppose conditions given in (3). So, we can use proof of case (2) to
obtain r, = a, for k =0,1,..., and
by + (k+ 1ryyy by

Skl = 1 =t O (63)

3.2. On gM-differentiability for matrix algebras M

Let M be a commutative matrix algebra in M,(R) with base g =
{R;, Ry, ..., R;}. Consider two differentiable functions F,¢ : U c R —
M in the usual sense, where U is an open set. We say F is a ¢M-
differentiable function if there exists a function F(; U CcRF 5 M
such that the usual differential d f satisfies dF, = F, q” (x)d,. That is,
dF,(v) = Fq’)(x)d(px(u) for all v € R¥, where F(;(x)d(px(u) denotes the
product of the matrices F; (x) and do,(v).

For this definition we have pM-calculus and pM-differential equa-
tions
dw = H(zr,w),
do
which are matrix differential equations. If H(zr,w) is (M, M)-
-differentiable (see Section 2.2) and H(z, w) = K(r)L(w), then we have
the results given for pA-derivatives and @A-differential equations. For
example,

dw
— = 65

H:UxM- M, (64)

has the unique solution w(r) = Me?® with w(zy) = Me? ), where
M € M is a constant matrix.

3.3. On solutions of PDE systems

3.3.1. On solutions of PDE systems by using @A-differentiability

Now, we use @A-differentiability for the construction of solutions
for linear and nonlinear systems of two first order PDEs with two
dependent variables and two independent variables.

Consider a PDE system of the form

Bw, + Byw, = Aw. (66)
In the following theorem we give conditions under which ¢A-differen-

tiable functions are used for giving a complete solution for system (66).

Theorem 3.7. Let A be an algebra with first fundamental representation
R : A > M,(R) given by R(e;) = R; such that B, B,, A € R(A). Suppose
that

¢(x,y) = (ax + by)R; + (cx +dy)R, 67)
is such that
B,(aR, + cRy) + By (bR, + dR,) = A. (68)

Under these conditions function w, = R~!(e%) is a solution for the ¢)A-ODE
dw/d¢ = w. Now, consider ¢ given by

@(x,y) = yR™'(B) = xR™'(By). (69)
Therefore, each solution w for (66) is given by

w(x, y) = e’V f(x, y), (70)
where f(x,y) is a pA-differentiable function. Thus, a complete solution for
the linear system (66) is found.

Proof. We have that R(a)b = ab for all a,b € A, see Lemma 4.1 of [21].
Then, PDE system (66) can be written by

bywy + byw, = aw, (71)

where b, = R7Y(B)) for i = 1,2, and a = R™'(A). The homogeneous
systems of (66), (71) coincide and they are equivalent to the set of pA-
CREs. Thus, the set of @pA-differentiable functions define a complete
solution of this system.
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Let w be a solution of (66). Consider i = e~ . Then
B, + B, = —Bi¢p e %w - BePw, + qu’)ye’d’w + Bye™%w
= —(B ¢, + Byp e Pw + (Byw, + Byw,)e™?
—AW+ AW = 0.

y

Thus, w is a solution of the set of @A-CREs. Therefore, w is a @A-
differentiable function f. Hence, w = ¢? f where f is a pA-differentiable
function. [

Consider a nonlinear PDE system of the form
Bw, + Byw, = Aw’. (72)
In the following theorem we use solutions of @A-ODE for the construc-

tion of solutions for (72).

Theorem 3.8. Let A be an algebra with first fundamental representation
R : A > M,(R) given by R(e;) = R; such that B, B,, A € R(A). Suppose
that

@(x,y) = (ax + by)e; + (cx + dy)e, (73)
is such that
B, (@R, + cRy) + By(bR, + dR,) = —A. (74)

Under these conditions dw/dp = —w? is a A-ODE with solutions given by

__°
P(x,y)+c¢
which are solutions for the nonlinear PDE system (72).

w(x,y) = (75)

Proof. Let w be given by (75). Thus,
—e

Byw, + Byw, = Bj(aR; + cR)) —————
15+ Bty = By(aky 2)(fp(x,y)+0)2

+B,(bR, + dR)) ——%
2R, 2)(<p(x,y)+c)2

—[B,(aR, + cRy) + By(bR, + d Ry)Ju?

= Auw?.

Therefore, w is a solution for (72). [

3.3.2. On solutions of PDE systems by using oM-differentiability

In this section we will use columns of exponential function E = e?
for construction solutions of system (66), as it is known for linear
systems with constant coefficients. The method given in this section
is extended in [32].

For a matrix algebra M with base § = {R,,R,} we consider the
equation

Bi(x1R| +y1 Ry) + By(x, Ry + »hRy) = A, (76)

from which we obtain a linear system of four equations, and when this
system has a solution (a, b, ¢, d), we define ¢ by

@(x,y) = (ax + by)R, + (cx + dy)R,. 77)

If M is a matrix algebra and ¢ : R?> — M is a differentiable
function, then the exponential function E = e? is pM-differentiable.
In the following theorem we use this function for the construction of
solutions for the PDE system (66).

Proposition 3.1. Let R|,R, € M,(R) matrices with R|R, = R,R;. If
(a, b, c,d) is a solution of linear system (76) and ¢ is defined by (77), then
the columns of the exponential function E = e define solutions for system
(66).

Proof. Under the conditions given we have that B, (aR+cR,)+B,(bR;+
dR,) = A. That is, B,@, + B,p, = A. If we multiply this equality by e?
we obtain B ¢p,e? + Byp,e? = Ae?. Thus, Bj(e?), + By(e?), = Ae?.
Therefore, the columns of ¢? are solutions for (66). []
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By using Proposition 3.1 solutions for the linear system with con-
stant coefficients

dy 0y

— 4+ —==-b bz, 78

Qs t o 1y+bz (78)
dz 0z

—ay—+ — =byy—byz,

Gaox t o TP TR

can be constructed, as we see in the following example.

Example 3.1. Consider system (78). Let R;, R,, B, B,, A be the

matrices Ry =1, B, =1,
_ 0 1  a 0 _ by
R2_<—1 0>’ Bl_( 0 —a2>’ A_< —b2>.

Let M be the algebra spanned by R, and R,. For a; + a, # 0 we define

—-b,+b —ay by, —ayb
1 2 4% 2lt>R1

by

o(x,1) = (

a;+a, a+a
b+ b —ayby, + ayb

+( 12+ L2224 R,
ay+a, ay+a,

Thus, A = B¢, + B,@,. By Proposition 3.1 the columns of

e?h) — < > ,

eMOD cos hy(x, 1)
—eMD sin by (x, 1)

eM&D gin by (x, 1)
e cog hy(x, 1)

where
b, + b —a;b, — ayb
hy(x, 1) = 1 2 192 201,
a; +a, a; +a,
+ b —ayby, + ayb
hy(x,1) = 1 2 192 201,
ay+a, a;+a,

are solutions for (78). Therefore,

y(x, 1) = ¢;eMED cos hy(x,1) + ey sin hy (x, 1),
z(x,1) = —¢; e gin hy(x,1) + czehl("’” cos hy(x, 1),

for all ¢, ¢, € R, are solutions for (78).
4. Discussion and results

In this paper we introduce the pA-differentiability (pre-twisted dif-
ferentiability), its generalized Cauchy-Riemann equations, the @A-line
integral, the Cauchy integral theorem for the @A-line integral, and the
@A-ODEs. Thus, a type of calculus on algebras and their corresponding
differential equations has been introduced. The @A-differentiability is
an extension of differentiability in the sense of Lorch [12].

When studying differential equations using pre-twisted calculus
and their corresponding differential equations, the aim is to convert
a differential equation problem into an algebraic problem. That is,
given a differential equation or system of differential equations, one
seeks to associate a system of algebraic equations whose solutions
determine both A and ¢ in such a way that a function or a family of
pA-differentiable functions determine solutions, see [16].

If a PDE system is equivalent to a set of generalized Cauchy-
Riemann equations for the A-differentiability (differentiability in the
sense of Lorch), then the A-differentiable functions constitute a com-
plete solution for this system, see [21]. The pA-differentiability extends
this result in a very impressive way. A criterion for pA-differentiability
is given in Theorem 1.2. That is, if a given function satisfies a set of gen-
eralized Cauchy-Riemann equations for the @A-differentiability, then
this function is pA-differentiable. Therefore, pre-twisted differentiabil-
ity gives us a complete solution for these generalized Cauchy-Riemann
equations.

The ODE system (27) and the @A-ODE (28) have the same solution
set when ¢’ is invertible with respect to the A-product and f(z, x)¢'~! is
(@A, A)-differentiable, see Lemma 2.1. If K in (31) is pA-differentiable,
a non-singular solution w of (31) (non-singular solution w means that
that the image of w is not contained in the singular set of A) is also
a solution of (33). Then, all the A-products {aw : a € A} of w and
elements of A are solutions of (33). Thus, they are also solutions of
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(31). In this way a non-singular solution w of (31) could be used for
constructing a fundamental set of solutions of this equation.
Consider the linear system

dw
= = A(w,
P Hw

where A : I - M,(R) is a continuous function and A(7)w is the product
of the matrix A(f) by w, where I C R is an open interval. It is well-
known that if {A(r) : ¢t € I} is a commutative matrix family, that is,
A(t))A(ty) = A(1,)A(t)) for all 7,1, € I, then for 7, € I we have that

79

t
/’0 A(x)dsc (80)

w(t) =e

is a solution for system (79) with initial condition w(t,) = ¢ € R". The
@A-ODEs defined in this paper could be used to solve linear and non-
linear non-autonomous ODE systems, see Section 2.3. By Lemma 4.1
of [21] ab = R(a)b for all a,b € A, where R if the first fundamental
representation of A. Thus, (31) is a linear ODE system of the type
(79) for A(t) = R(K()¢'). Example 2.2 suggests considering inverse
problems for the linear case. That is, given a linear system of the type
(79), when there exists an algebra A and a differentiable function ¢(r)
such that A(f) = R(K(t)¢') for some @A-differentiable function K, as
in Corollary 2.3. When you have an autonomous ODE system and it
can be solved by Lorch differentiability, then it can also be solved by
pre-twisted differentiability. The algebrizability (differentiability in the
sense of Lorch) of planar autonomous ODE systems is already reached,
see [17,19]. Example 2.3 contains a family of nonlinear ODE systems
which are solved by using @A-differentiability. This example suggests
considering inverse problems for these types of quadratic ODE systems.
An attempt for solving planar non-autonomous ODE systems by using
Lorch differentiability is made in [17]. This use of Lorch differentiabil-
ity corresponds to pre-twisted differentiability for the particular case
@() = te where e € A is the identity for the product. It is worth
mentioning that here we consider differential functions ¢. Gateaux dif-
ferentiability is a weaker differentiability than the Lorch one, when the
Lorch derivative of a function there exists then this derivative coincides
with the Gateaux derivative, see [5]. Therefore, Gateaux differentiabil-
ity considers larger families of differentiable functions than the Lorch
case, but it does not include the cases that pre-twisted differentiability
does for ¢ non-linear. In all cases of differential equations in which
the Lorch differentiability can be used for the construction of solutions,
the pre-twisted derivative can also be used, since the first one is a
particular case of the second one. A weaker definition of a pre-twisted
differentiability can be given, as we will do below. Let f,¢ : RF - R”
be functions having all the directional derivatives which we denote by
d, f and d, ¢, respectively, then f is said to be pA-Gdteaux differentiable
with derivative f(’p,G :RF - R if d)f(x) = f;’G(x)dh(p(x). For the
particular case where ¢ : R" — R”" is the identity the pA-Gateaux
differentiability coincides with the Gateaux differentiability.

Pre-twisted differentiability is also used to solve Cauchy problems
for PDEs of the form (2), see Section 3.1. This differentiability is a
natural extension of the complex derivative. Just as the conjugate
functions of holomorphic functions are solutions of Laplace’s equation;
for each equation of the family of PDEs (2) an algebra A and a linear
function ¢ are found in such a way that the conjugate functions of
the @A-differentiable functions determine the set of solutions of the
considered equation.

In [32] we consider PDE systems of the type (66) and we try
to algebrize them. This could help to build at least one particular
solution of the system. Thus, for some linear PDE systems, knowing
the solutions of the homogeneous system (the homogeneous system
could be a set of generalized Cauchy-Riemann equations) allows us to
give a complete solution for the system. We use the matrix exponential
function E = e? for the construction of solutions for linear PDE systems
with constant coefficients of the type (66), see Proposition 3.1. In
special cases we obtain a complete solution of this PDE systems, see
Theorem 3.7. We show that @A-differentiable functions can also be
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used for the construction of solutions for quadratic PDE systems, see
Theorem 3.8. We seek to generalize the idea of solving PDE systems
using the columns of the exponential function. In [32] it is given a
definition of algebrizability of (66) by using matrix algebras. We seek
to algebraize other PDE systems by means of algebras, we work on this
in [32].

The family of 2-dimensional algebras for which e, is the identity
for the product is the 2-parameters algebras family consisting of the
algebras A%(pl, p>). Thus, the family of planar quadratic autonomous
ODE systems which can be given in the form

(81)

for ¢ linear, is 4-dimensional. Let p,,p,,...,py be constants satisfying

the equalities

D7 =D1P4 + DP2D6 — P2P3 — Pi,

Pg = P3P4 — P2Ps» (82)
Py =D1Ps5 + DP3De — PaDs — Pg-
Thus, the linear space R? endowed with the following product
e e, e
e | e € €3 (83)
€ | e preytpieytpres  pgey +p3ey tpae;
e3 es3 Pgeq + p3ep +p4€3 Do€ + Psey +p6€3
is an algebra with identity e = e¢; which we denote by A?(Pl, ver s Dg)-

The family of 3-dimensional algebras for which e, is the identity for the
product is the 6-parameters algebras family consisting of the algebras
A? (P
family of three quadratic autonomous ODE systems that can be given by

,pe)- Thus, this is a 6-parameters algebras family. Then the

form (81) for ¢ linear, for A in this family, is 9-dimensional. In the case
of 4-dimensional algebras with identity e = e, for the product we think
that there are classes of algebras that depend on up to twelve param-
eters. Therefore, the family of systems of four quadratic autonomous
ODEs that can be given by dw/dt = ¢'w?® for ¢ linear with respect
to these classes of 12-parameter algebras is 16-dimensional. One can
consider four dimensional autonomous ODE systems and investigate
whether these can be written in the form (81) for ¢ linear. For example,
the following

dﬂ
&
£

&
dt

B2 — ) = (b+ ) (x1x = y13)

2bx1y; = (b+c)(x1y2 + x231)
a(x% - y%) —(a+o)x1x3 = y1¥2) .
= 2ax,y, — (@ + c)(x;y, + x¥1)

(84)

This family of ODE systems is associated with triangular billiards.

If we consider a quadratic ODE system of the form

alu2 + auv + 0302

85
blu2+b2uv+b3uz, (85)

du
I
dt

we can try algebrize it with respect to A = A?(pl»m, Dg)- So, we

consider the ODE system

dw

; (86)

=(q w% + a,w w, + a3w§, by w? + byw,wy + b3w§,0).

Thus, we would like to write them by

dw

o =k, hu?, (87

11

Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 173 (2023) 113757

with respect to A. Thus,

dw
% = (- 1P2P§ — hpyp3 — kpypaps — hPi - kPlPﬁ + kP%IM
+hpips + lP1P3P4)w%
+  (kpyp3py = kp3ps = 1papaps + hpapg + kpy paps + 1p2p3pe)w;
+ (- 2kP2P§ +2hp3py + 2kp  p3ps — 2hpyps — 21pap3ps
—leips)wlwz
+  (2Up1pyps — 2kprpaps + 2kpyp3ps + 21 p3 paps)w
+ (= hp = Ipops + hpyps — kpypsps — kpyps — hpaps
+kp1pyps + IP3P4P5)W§
+  (Ip3pg = Ip3ps + hp3ps + kp3paps + 1p1Psps — Papspe) s,
dwy

T (kp? + hpy +1pyp3 — kp} + kpps + Ip2ps + kpypg)w?

(QUp3 +2hps + 2kp ps + 4kp3py — 2kpps + 2 pyps)w; wy
(=kp + hps + 2kp, ps + Ip3ps — kp4ps + 2kp3pg + [pspg)ws,

L = (hpy + kpyps = Ipaps — 192 + 21D py + kpapy + 20 py )it

(2kpyps + kai +2hpy +4lp3py — 2psrps + 2pspew w,

(—lp% +1Ip1ps + kpyps + lpé + hpg + Ip3pg + kp4p6)w§.

I+ +

+ +

(88)

We would like to have (h, k, 1, p;, ..., pe) such that systems (86) and
(88) coincide. Thus, (h,k,I,p;,...,ps) must be a solution for the four
order algebraic system in the variables x; fori=1,...,9

— X X5Xg — XpX4X5Xg — X| X2

_ 2
X3X5X 7

6
+X1X4X7 + X3X4X6X7

- x2x4x% + x2x§x7

+XyX5X6X7 — xzxgxs — X3X5X7Xg + X1 X5Xg + XpX4X5Xg

+X3X5X6Xg = a
—2x2x5x2 + 2x1XgX7 + 2XpX4XgX7 — 2X 1 X5Xg — 2X3X5X6Xg

—2x3x$
+2x3x4X7Xg — 2X7X5X7Xg + 2X5 X5XXg

Xg

+2x3x6X7Xg = a
—xlxé - x3x5x§ + X X4Xg — XpX5XgXg — x2x$x8 — X1X7Xg
+XyX4X7Xg + X3XX7Xg

+x3x6x§ - x3x§x9 + X1 XgXg + X XgX7Xg + X3X4XgXg

—X3X7XgXg = a3

xzxi + Xx1X4 + X3X4X6 — x2x$ + XpXy4X7 + X3X5Xg
+X5X5Xg = b
2x3x(2) +2X1Xg + 2X,X4Xg + 4XyXgX7 — 2XX5Xg

+2x3X7Xg = b
—xzxé + X x5 + 2XyX4Xg + X3XgXg — XpX7Xg + 2Xp X Xg
+X3XgXg = b
X1 X5+ XpX4X5 — X3X5X¢g — x3x% + 2x3x4%7 + X5 X5X7
+2x3x5X9 = 0
2xyX5%¢g + 2x2x% +2x1x7 + 4x3xg%7 — 2X3X5Xg
+2x3x7X9 = 0
—x3xé + X3X4Xg + XoX5Xxg + x3x§ + X1Xg + X3XgXg
+X,X7Xg = 0.

(89)

If (h,k,1,py, ..., pg) is a solution for the algebraic system (89), we obtain
system (86) and

w(t) = (90)

—e

P +C’

where (1) = t(h, k,1) and C = (¢, ¢,,0), is a solution.
If (h,k,1,p,,...,pg) is a solution for the algebraic system (89) for

(ay,a,y,a3,by,by,b3) = (b,—(b+¢),0,0,—(a+c),a),

then ODE system (88) become

dw,;
dt

dw,
dt

2
bwy — (b+ c)w w, 1)
= —(a+cwyw, + awg.
If we take this system over the complex field C (w ;= X;+iy; forj=1,2)
it corresponds to the system (84) written in complex variables. Thus, a
solution for ODE system (91) is given by (90).
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