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1 | INTRODUCTION

An algebraic-analytical approach applied to families of PDEs is presented in this paper. The corresponding ideas were
given by Ketchum! where differentiability in the sense of Lorch with respect to associative commutative algebras with
unit e is used; see other studies.? Instead, we propose the use of pre-twisted differentiability with respect to a family of
algebras with unit e = e;; see preprint arXiv 1805.10524. We obtain a complete solution of each PDE of the family

Auyy + Buyy, + Cuy, = 0, ey
with constant coefficients, and we construct solutions for the class of PDEs of the form
Al + Buyy + Cuy, + Duy + Eu, + Fu =0, 2)
with constant coefficients, which includes the one-dimensional heat equation
AUy — U = 0, 3)

where the variable y is changed to . The subclass of PDEs having the form (1) includes Laplace’s and wave equations,
which are given by

Uge + Uy, =0, e — Uy = 0, 4

respectively, where in the last equation, the variable y is changed to ¢.
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When proposing a solution of the form w = e+ for (2), it is concluded that (a, b) must be a solution of the algebraic
quadratic equation

AX’> +Bxy+Cy* + Dx+Ey+F =0.

The set of solutions of the this equation defines a conic, unless it is degenerate. Given a PDE like (2) and a vector field
e, y)=(ax+by+k,cx+dy+1), (5)

with Ac? + Bed + Cd? #0, in this paper, we found an algebra A with respect to which the components of the exponential
function

E(x,y) = e, (6)

define solutions of (2). If D = E = 0 in (2), similar results are obtained by using sine, cosine, hyperbolic sine, and
hyperbolic cosine functions instead of the exponential function. For the first-order case, that is, when A, B, and C are zero,
we found conditions such that the components of the exponential function (6) define solutions for all the two-dimensional
algebras.

The components of complex analytic functions are harmonic functions, and in a simply connected domain, each har-
monic function is the first component of a complex analytic function. This result has been generalized in Theorems 4.1
and 5.1; for each PDE (1) and for each affine planar vector field ¢ with Ac? + Bed + Cd? # 0, we found an associative and
commutative two-dimensional algebra A with unit e=e; (see Section 2.1), with respect to which the components of all
@A-differentiable functions (see Section 2.2) are solutions for this PDE, and on simply connected regions, we show that
the solutions of (1) are components of these pA-differentiable functions.

All the theorems, propositions, corollaries, and examples included in this paper are presented for the first time.

In Section 2, we introduce the algebras A that we will use, the @ A-differentiability, and its generalized Cauchy-Riemann
equations. In Section 3, given a 2nd-order PDE, and an affine planar vector field, we give an algebra with respect to
which the components of the exponential function e? define solutions of the PDE, and we give these solutions explic-
itly. Also, we use the sine, cosine, hyperbolic sine, and hyperbolic cosine functions instead the exponential function, for
constructing solutions of 2nd-order PDEs. Moreover, for each PDE of the form (1), in Section 4, we show families of
pre-twisted differentiable functions whose components are solutions, and in Section 5, we show that each solution of
these PDEs is a component of a p A-differentiable function. In Section 6, 3rd-order PDEs are considered, and in Section 7,
three 4th PDEs are considered; the bi-harmonic, the bi-wave, and the bi-telegraph equations. Section 8 contains the case
of first-order PDEs. The conclusions are contained in Section 9. The next two sections are about interest statement and
acknowledgment.

2 | PRE-TWISTED DIFFERENTIABILITY

2.1 | Algebras Ai(p1,p2)

We call to a R-linear space IL an algebra if it is endowed with a bilinear product IL. X . — L denoted by (u, v) — uv, which
is associative and commutative u(vw) = (uv)w and uv = vu for all u,v,w € L; furthermore, there exists a unite € L,
which satisfies eu = u for all u € L. An element u € L is called regular if there exists u~! € L called the inverse of u such
that u~'u = e. We also use the notation e/u for u=!. If u € L is not regular, then u is called singular. L* denotes the set of
all the regular elements of L. If u,v € IL and v is regular, the quotient u/v means uv—!.

An algebra A will be an algebra if . = R?, and an algebra M will be an algebra if L is a two dimensional matrix algebra
in the space of matrices M(2, R), where the algebra product corresponds to the matrix product. We say that two matrix
algebras M, and M, are conjugated if there exists an invertible matrix T such that Ml; = TM,T~1.

The A-product between the elements of the canonical basis {e;, e,} of R? is given by e;e = Zizl Cijkek, Where ¢k €
R for i,j,k€{1,2} are called structure constants of A. The first fundamental representation of A is the injective linear
homomorphism R : A — M(2,R) defined by R:e;— R;, where R; is the matrix with [R;]jx = cyj, for i = 1, 2.
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The linear space R? endowed with the product

‘ €1 €2
€1 | €1 €9 (7)
€y | €2 Ppire1 + Poeo

is an algebra A which we denote by A;(p, p); see Frias-Armenta and Lopez-Gonzalez.> These algebras are associative,
commutative, and have unit e = e;; see also Pierce.® The first fundamental representation of A,(p,, p») is defined by

R<e1>=<(1)(1’>, R(ez>=<‘1)§;>. ®)

The first fundamental representation R of A allows us to perform arithmetic operations, and powers among others, in
A, by performing them in M = R(A).

2.2 | @A-differentiability

The pre-twisted differentiability is defined in preprint arXiv 1805.10524; this definition is closely related with the differ-
entiability in the sense of Lorch; see Lorch.? Let A be an algebra and ¢ a differentiable planar vector field in the usual
sense. We say that a planar vector field F is g A-differentiable (pre-twisted differentiable) if F is differentiable in the usual
sense, and if there exists a planar vector field 7;,, which we call A-derivative of F, such that

dFp = Fo(p)dpp,  p=(x,y), )

where F,,(p)de,(v) denotes the A-product of 7,(p) and ¢,(v) for every vector vin R2. In the same way, we say that 7 has
a second-order pA-derivative F,) if F is pA-differentiable, F, is differentiable in the usual sense, and 7, is a planar vector
field, such that

In this way, we define the n-order pA-derivative 7?;") forn e N.
A @A-polynomial function P : A — A is defined by

P&) = o+ 19(&) + 2(@©)* + ... + cm(@(©))™, (11)

where ¢y, c1, ... , ¢, € A are constants, & = (x, y) is A-variable, and the products involved in ¢y (@(& ))f forke{1,2, ... ,m}
are defined with respect to A. In the same way, exponential, trigonometric, and hyperbolic p A-functions are defined. If P
and Q are pA-polynomial functions, the pA-rational function P /Q is defined on the set Q~1(A*). All these functions have
n-order pA-derivatives for n € N, and the usual rules of differentiation are satisfied for this differentiability.

When we are working with n-order PDEs, we will assume that all @A-differentiable functions have n-order
@A-derivatives. That is, we assume that the pA-differentiable functions have derivatives of the necessary orders.

2.3 | Partial derivatives of F

Consider a pA-differentiable function 7. Thus, the first partial derivatives 7, and F, are expressed by

rx = r(:)(p)h Py = F(,/oqoy’ (12)
the second ones Fy, Fyy, and F,, by
P = F(Z@)zc + 7:‘<:a¢xxa ny = (/p/(Px@y + Péaﬁ”xya 7:'yy = F(;'gof, + 7:‘<’p(pyy- (13)

Since ¢ is an affine vector field, its second partial derivatives are zero, then the second partial derivatives given in (13)
become

Fa=Fopi,  Fo=Fgowp,  Fy=Fo05 (14)
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From the product of A = Al(py, p»), and the form of ¢ in (5), we have

@2 =(a® + pic?, 2ac + prc?),
@x@y = (ab + picd, ad + bc + pycd), (15)
(,0?, = (bz +p1d2, 2bd +p2d2),

which can be calculated by using the first fundamental representation of A.

2.4 | @A Cauchy-Riemann equations

By using Fy and F, given in (12), we obtain
(Pyrx = (PxFy-
For A = A;(p1, p2), and ¢ given by (5), this equation gives the @A Cauchy-Riemann equations

bfx + p1dg. =af, + picg,,

(16)
dfx+ b+ pd)gc =cf, + (a+ pa0)gy.

So, the components of pA-differentiable functions F = ( f, g) satisfy (16). Conversely, if f, g satisfy (16), and ¢ is an
isomorphism, then F = ( f,g) is pA-differentiable; see preprint arXiv 1805.10524.

3 | SOLUTIONS DEFINED BY & =¢”

3.1 | Looking for the algebra

In the following theorem, we found an algebra A with respect to which the components of the exponential function £ = e?
define solutions of the PDE (2).

Theorem 3.1. Consider the PDE (2) and the vector field ¢ given in (5). Suppose that Ac? + Bed + Cd? # 0. Thus, for the
algebra A = A (p1, p2) with parameters p; and p; given by

_Ad* +Bab+Cb*+Da+Eb+F

= , 17
p Ac? + Bed + Cd2 7
and
__2Aac+ B(ad + bc) + 2Cbd + Dc + Ed (18)
P2 = Ac? + Bed + Cd? ’
the components f and g of the exponential function (6) defined with respect to A, are solutions of the PDE (2).
Proof. Let A = A;(p1,p2)- The equalities (17) and (18) are equivalent to
A(a* + pi¢®) + B(ab + pied) + C(b* + p1d®) + Da + Eb + F =0, 1)
A(2ac + p>¢*) + B(ad + be + pyed) + C(2bd + p,d*) + Dc + Ed =0,
respectively. From (15) and (19), it can be obtained
A@: + Bowp, + Cp3 + Doy + Eg, + F(1,0) = 0. (20)

Since £ = e” with respect to the product of A, we have £ = &, = £/. From this and the equalities (12) and (14), by
multiplying £ with respect to A, we get

A&y + BEy + CE,, + DE, + EE, + FE = 0. (21)

Since £ = ( f,g), we have that fand g are solutions for (2). O
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By using the first fundamental representation R defined in Section 2.1, expressions for fand g can be obtained, as we
see in the following example.

Example 3.1 Consider the PDE (2) with A = 1,B=2,C =3,D =4,E = 5,and F = 6. If p(x,y) = (0,x + y), then
p1 = —1, p, = —3/2. Using the first fundamental representation R, we can find the components fand g of e?, so

7cos<@) +3 7sin<@>

fo,y) = P , (22)
TJe 4
and
44/7sin <—\ﬁ(j:+y ) )
g8x,y) = e . (23)
Je &

By Theorem 3.1, fand g are solutions for (2). If ¢(x, y) = (0,x), then p; = —6, p, = —4,

fo,y)=e> (cos (\/Ex) +1/2sin <\/§x>) , (24)

and

2
g(x,y) = —\é—e‘z" sin <\/§ ) ) (25)
By Theorem 3.1, fand g are solutions for (2).

3.2 | Expression for £ = ¢?

In this section, we will use the Theorem 3.1 to give explicit solutions for PDEs of type (2). By means of the first fundamental
representation R defined in the Section 2.1, the operations of A correspond to the matrix operations of R(A). Although
the computation of the of matrix exponentials is well-known and commonly used in differential equations, this section
makes the paper more complete since solutions for (2) can be directly obtained from the expressions for fand g given here.
To each matrix in its normal form, a matrix algebra can be associated; see Alvarez-Parrilla et al.”; in the case of 2-by-2
real matrices, we have three types of algebras that correspond to the three types of normal canonical forms of matrices.

3.2.1 | Casepy®>+4p1 <0
When the algebra A = A;(p1, p2) is isomorphic to the algebra of the complexes C, we have the following proposition.

Proposition 3.1. Ifp,%2 +4p, <0,y = \/—p,2 — 4p1, and @(x, y) = (ax + by, cx + dy), then the solutions f and g of the
PDE (2) given in Theorem 3.1 are the following:

f(x, y) = eerbyt 5 extdy) <cos <g(cx + dy)) - % sin (g(cx + dy))) , (26)

and
(-p2 = r)sin (L(ex +dy))
2piy

ax+by+ "2—2 (cx+dy)

(27

glx,y)=e
Proof. 1f p,2 + 4p; < 0, then p; <0 and
p V4 P2
Op1\_ {02y 3 73 2pyy
1p, )~ \v p2 r b 1 :
2 2 2p,

P2

eR((p(x,y)) — eax+bye > (cx+dy)MeB(cx+dy)M—1 ,

X I=

o

Thus, we have
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where R is the first fundamental representation of Al(py, p,),

cos (g(cx+ dy)> —sin (%(cx+ dy))

eB(cx+dy) —
sin (g(cx + dy)) cos (g(cx + dy)>
and
M= < 0 2p ) .
v P2
Therefore, the expressions for fand g are given by (26) and (27), respectively. O

3.2.2 | Casep,>+4p; =0
When the algebra A = A;(p;, p,) isisomorphic to the algebra spanned by the Jordan canonical form, we have the following
proposition.

Proposition 3.2. If p,2 + 4p; = 0, and @(x, y) = (ax + by, cx + dy), then the solutions f and g of the PDE (2) given in
Theorem 3.1 are the following:

P —pa(cx+dy) +2
X, y) = Q@etby+5 (ex+dy) P2 , 28
fx, ) 2 3 (28)
and
gx, y) = DT O (o 4 gy, (29)
Proof. If p,? + 4p, = 0, then p; = —p,2/4, and
0p:\ _ _% 1 % 1 01
1p) "\ 1 0o)\0o2/\15%)
Thus, we have
p (ex+dy) 01
Rty — pevtby+Zevtdy (=5 1) Noo) (0 plz ’
1o =
then
» —py(ex+dy)+2  —p,*(cx+dy)
eROGY) — @+by+72 (cx+dy) 2 2 '
ox + dy Pz(cx‘;d)’)+2
Therefore, in this case, the expressions for fand g are given by (28) and (29), respectively. O
1Y gareg y P Yy

3.2.3 | Casep,®>+4p; >0
When the algebra A = A;(p1, p2) is isomorphic to the direct sum of R and R, we have the following proposition.

Proposition 3.3. Let p,2 +4p;, > 0, p(x,y) = (ax + by, cx + dy), and y = /p,% + 4p,. Thus, the solutions f and g of the
PDE (2) given in Theorem 3.1 are the following:

1. Ifpi1 #0,
) = e B ecndy (= py)es e+ ;(y + pz)e‘g“’”d”, (30)
and
g0x,y) = grbriB ety 0 — p2?)es ) — (42 — p2)e D) 1)

4pry
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2. Ifp; =0,
fx,y) = ™, (32)

and

g, y) = plze‘”‘“’y (—1 4 Pt (33)

0 p
1 pg ’
“bhty D1

Opi\_{( 2 2; pzTﬂ 0 apy 2piy
1ps) \p2tvp2—v 0 Bz ptr —p |

2 apyy  2pyy

Proof. 1f p,? + 4p; > 0, we have that the matrix

is diagonalizable. If p; # 0, then

where y = 1/p,? + 4p;. Therefore, in this case, the expressions for fand g are given by (30) and (31), respectively.

If p; =0, then
1
00\ _(po\[(00\(5?O
1p )~ \-11)\op )\ T 1)
b

Therefore, in this case, the expressions for fand g are given by (32) and (33), respectively. O

3.3 | Solutions for the one-dimensional heat equation

In the following example, we construct solutions for the one-dimensional heat equation.
Example 3.2. Now consider the one-dimensional heat Equation (3). In this case, we change the variable y by t, A =
a, E=-1, B, C, D, and F are equal to zero. So,

Suppose thata =1/7,a=c = \/5 b=1,and d = 2, then

aa®—b 2aac —d
s pzz_—'

b1 =—

ac? ac?

Thus, p; = 0 and p, = 0. By Proposition 3.2
fn=eVm gtn = eV (Vaxtar),

and by Theorem 3.1 they are solutions. For the same value of «, we may choose values for the constants a, b, ¢, and d
with the only condition that ¢ # 0, so we can obtain another solutions to the heat equation.

3.4 | Solutions by trigonometric and hyperbolic functions of ¢

Now, we consider the trigonometric sine and cosine functions instead of the exponential function.

Proposition 3.4. Suppose D = 0 and E = 0 in the PDE (2), and Ac? + Bed + Cd? # 0. Let p; and p; be defined by

_Ad® + Bab + Cb>* —F
Ac? + Bed + Cd?

p1= , (34)

and
3 2Aac + B(ad + bc) + 2Cbd

35
Ac? + Bed + Cd? (35

b2 =
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Let T denote any of the trigonometric functions
S(x, y) = sin(e(x, y)), C(x,y) = cos(o(x, y)),
defined with respect to the A = A;(p1, p>) product. Thus, the functions f and g given by
(f.8) =T (ax+by,cx+dy), (36)

are solutions of the PDE (2) with D = 0 and E = 0.

Proof. Proof is similar to that of Theorem 3.1, but in this case, it is used that 7 = —T(;. O
In the following proposition, the hyperbolic sine and cosine functions are now considered instead of the exponential
function.

Proposition 3.5. Suppose D =0, E = 0 in PDE (2), and Ac? + Bed + Cd? # 0. Let p; and p, be defined by

_ _Ad’>+Bab+ Cb*+F 37)
P1 AC + Bed + Cd2

and

_ 2Aac + B(ad + bc) + 2Cbd (38)

p2= Ac? + Bed + Cd?
Let H denote any of the hyperbolic functions
S(x, y) = sinh(p(x, y)), C(x, y) = cosh(p(x, y)),

defined with respect to the A = A;(p1, p) product. Thus, the functions f and g defined by

(f,8 = H(ax + by,cx + dy), (39)
are solutions of the PDE (2) with D = 0 and E = 0.
Proof. Proof is similar to that of Theorem 3.1, but in this case it is used that H = Hj,. O

4 | PDEs Auy + Buyy, + Cuyy, =0

In the following theorem, we determine algebras A with respect to which the components f and g of all the
pA-differentiable functions are solutions for the PDE (1).

Theorem 4.1. Consider the PDE (1) and the affine planar vector field ¢ given in (5). Suppose that Ac? + Bed + Cd? #0.
Thus, for the algebra A = A;(p1, p2) with

Aa? + Bab + Cb?

e T 40
Ac? + Bed + Cd? (40)

b1 =
and

_ 2Aac+ B(ad + bc) + 2Cbd

41
Ac? + Bed + Cd? ’ (1)

b2 =

the components f and g of all the p(A)-differentiable function are solutions for the PDE (1).
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Proof. Let A = A;(p1, p2)- The equalities (40) and (41) are equivalent to

A(@® + p1c®) + B(ab + picd) + C(b? + p1d?) =0,

A(2ac + p,c*) + B(ad + bc 4 ped) + C(2bd + pod?) =0, “42)
respectively. From (15) and (42), it can be obtained
ApZ + By, + qui =0. (43)
From this and the equalities (14), by multiplying 7, with respect to A, we get
AFy + BFy, + CF,, = 0. (44)
Since F = ( f,g), we have that fand g are solutions for (2). O

Theorem 4.1 is a generalization of a well-known and important result, as we see in the following corollary.

Corollary4.1. SupposethatA =1, B =0, C =1, and p(x, y) = (x, y). Then, PDE (1) is the Laplace's equation u,+u,, =
0, and p; = —1 and p, = 0. Thus, A = A,(—1,0) is the algebra of the complex numbers A = C, the pA-differentiability
corresponds to the usual complex differentiability, and the components of the o A-differentiable functions are solutions of
the Laplace’s equation.

The following example gives solutions for the Laplace's equation.
Example 4.1. Suppose that A = 1,B = 0,C = 1, and ¢(x,y) = (x + 2y,3x + 4y). Then, PDE (1) is the Laplace's

Equation (4). By Theorem 4.1,
1 =22

plz—g’ p2—_25 .

Then, for A = A,(-1/5,-22/25), the components of all the pA-differentiable functions are solutions for (1). Since

(@03 = (e + 2007 = 2+ 437, 200+ 29)(3x + 4y) = 22(3x + 4377

= % (—20x* + 20y* — 20xy, —48x” + 48y — 28xy),

we have that

Foy) = %(—4x2 +4y? —4xy),  gluy) = 2—15<—48x2 +48)% — 28xy),

are solutions for the Laplace's equation.
We consider the one-dimensional wave equation in the following example.
Example 4.2. Suppose that A = 1,B = 0,C = —1, and ¢(x,y) = (x + 2y,3x + 4y). Then, PDE (1) is the classical
one-dimensional wave equation given in (4). Thus, by (40) and (41),
__3 _ 1o
pl = ) p2 = 7 .
Let A = A;(-3/7,—10/7). Then, by Theorem 4.1, the components of all the pA-differentiable functions are solutions for
the wave equation. Since

3 10
(@r. ) = (G4 2007 = 2B+ 49720 +29)(3x +49) = TG+ 47
L 502 2 2 2
= - ;(20x +20y° + 4xy, 48x° + 48y° + 100xy),

we have that

20x% + 20y? + 4xy 48x? + 48y? + 100xy
f(x7y)=_ 7 s g(X,J’)=_ 7 s

are solutions for the wave equation.
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Suppose that (k, I) # (0, 0), that is, @(x, y) = (x + 2y + k, 3x + 4y + 1). Since

@) = (642 + 107 = 23+ 4y + 17 e
+ <2(x 2y +k)Gx+4y+1) — %(3x +ay+ 1)2) es
= %(7k2 — 312 = 20x? + 14kx — 18Ix — 20y* + 28ky — 24ly — 44xy)e,

+ %(—1012 + 14kl — 48x? + 42kx — 46lx — 48y” + 56ky — 521y — 100xy)e,,

we have that
7k? — 312 — 20x% + 14kx — 181x — 20)? + 28ky — 24ly — 44xy

7

fx.y) =

bl

and
—1012 + 14kl — 48x% + 42kx — 46lx — 48y* + 56ky — 521y — 100xy

7 s

gx,y) =

are solutions for the wave equation.

In the following example, we consider again the one-dimensional wave equation.

Example 4.3. Consider A = 1, B = 0, and C = —1 in (4). Let ¢ be defined by ¢(x, y) = (,x). Thus, by (40) and (41),
p1 = 1,and p, = 0. Therefore, for A = A;(1, 0), the components of all the p A-differentiable functions are solutions for (1).
Since

(p(x.y))* = (x> + )%, 2xy) ,
we have that
[y =x+y gy =2xy,
are solutions for the wave equation.

5 | SOLUTIONS OF PDES AND ¢pA-DIFFERENTIABLE FUNCTIONS

The solutions of PDEs (1) are components of pA-differentiable function, as we see in the following theorem.

Theorem 5.1. Consider a planar vector field ¢ given in (5) such that Ac? + Bed + Cd? #0, and suppose that equali-
ties (40), (41) are satisfied.
1) If p;(ad — bc) # 0, then the @A Cauchy-Riemann Equation (16) can be expressed by

_ —ab + cdp; — bep, a? — c?p; + acp,

&= Gd—bop, "t @d—bop " )
_ —b* +d?p; — bdp, ab — cdp, + adp, 7
& " @d—bopr  *7 " (ad-bop;
from which we obtain
ad — bc
€y — () = (p—l)mfxx + By +Cly). (46)

Therefore, if fis a solution of PDE (1) and

0
8= /gxdx+/ [gy - 5} /gxdx] dy, 47
then F = ( f,g) is pA-differentiable.

2) If (ad — bc) # 0, then the @A Cauchy-Riemann Equation (16) can be expressed by

_ —ab + cdp, — adp, a? — c?p; + acp,

fx= ad — bc & ad—bc o (48)
. —b? + d?p, — bdp, ab — cdp; + bep,
Yo ad — be 8x ad—bc
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from which we obtain

(fx)y - (fy)x = (ad - bc)(Agxx + ngy + ngy)' (49)

Therefore, if g is a solution of PDE (1), and

1= [ nave [ |r= & [ v (50)

then F = ( f,g) is pA-differentiable.

Proof. The systems (45) and (48) can be obtained from system (16). In the first case, we have
p1(ad — bo)(g0)y — (8)x) = (ad — be)* (A fxx + Bfxy + Cfyy):
thus, we obtain (46). In the second case, we have

(ad — bc)((fx)y = (fy)x) = (ad - bc)z(Agxx + Bgxy + Cgyy);

thus, we obtain (49). Since g,x = g, if fis a solution of (1), we have that there exists a function g(x, y) (uniquely defined
under a constant additive) which satisfies (45). In the same way, since f} = f5, if g is a solution of (1), we have that there
exists a function f{x,y) (uniquely defined under a constant additive) which satisfies (48). The function ¥ = ( f,g) so
constructed satisfies the corresponding @A Cauchy-Riemann equations. Since ¢ is a linear isomorphism, hypotheses
of Theorem 1.2 of preprint arXiv 1805.10524 are satisfied. Therefore, F is pA-differentiable. O
In the following example we give a solution of the one-dimensional wave equation and see that this is the first
component of a pre-twisted differentiable function.
Example 5.1. Consider A = A;(1,0), ¢(x,y) = (,X), and one-dimensional wave equation. By Example 4.3, the com-

ponents of all the pA-differentiable functions are solutions of this equation. By Theorem 5.1, these are all the solutions.
The @A Cauchy-Riemann Equation (16) is defined by

fx=8, [y=8& (51)
The function f{x,y) = x> + 3x)? is a solution of the one-dimensional wave equation. Then, by 1) of Theorem 5.1, we have
806, y) =3y +y’ +k,
where k is a constant. In this case, F = ( f,g) is given by F(x, y) = (¢(x, y))> + (0, k).
6 | 3RD-ORDER PDES
Now, consider the 3rd-order PDEs
Gl + Huyyy + Kuyy, + Ly, + Ally + By, + Cuy, + Duy + Euy, + Fu = 0. (52)

We are looking for solutions defined by the components of the exponential functions (6). For affine planar vector filed
@ the third-order partial derivatives of the pA-differentiable functions ¥ = ( f, g) are given by

Frooc = F(;”‘P)Sc’ Frxy = FV(N’%(Pw Fyyy = F(Z,(Px(l’i’ Fyyy = F(;"(pi. (53)
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From the product with respect to A = A;(p1, p>) and the proposed form of ¢ in (5), we have

@3 = (@, 3a’c+c’p) + Bac® + *p2)(p1, p2),
@i, = (a’b,2abc + a*d + dp,) + (be* + 2acd + ¢*dp,)(p1, p2),
@93 = (ab®,2abd + b*c + cd’py) + (ad® + 2bed + 2dp,)(p1. p2),
@; = (b°,3b*d + d°p1) + (3bd® + d’p>)(p1, p2).

(54)

For 3rd-order PDEs, we have the following theorem.

Theorem 6.1. Consider the PDE (52), the affine planarvector field ¢ given in (5), and the quadratic system of equations

(G® + He*d + Ked? + Ld®)xy
+(3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd? + Ac? + Bed + Cd?)x
+Ga® + Ha?b + Kab* + Lb® + Aa®? + Bab+ Cb?> + Da + Eb+ F = 0,
(Ge® + He*d + Ked? + Ld®)y? + (Ge® + H(c*d + be?) + Ked? + Ld®)x
+(3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd? + Ac? + Bed + Cd?)y + 3Ga’c
+2H(abc + a*d) + K(b*c + 2abd) + 3Lb*d + 2Aac + B(ad + be) + 2Cbd + Dc + Ed = 0.

(55)

If (p1, p2) is a solution of the quadratic system (55), for the algebra A = A,(p,, p,), the component functions f and g of
the exponential function (6) defined with respect to A are solutions of the PDE (52).

Proof. Let A = A (p1,p2), where p; and p, are a solution of the quadratic system (55). Using the equali-
ties (12), (14), (15), (53), (54), and the obtained by substituting p;, p, in (55), we obtain that columns of £ are solutions
for (52). O

The following corollary could help us to construct solutions for (52).

Corollary 6.1. If ¢ is satisfies
c3(Ge + Hd) + d*(Kc + Ld) = 0, (56)
and
3Gac? + H(bc? + 2acd) + K(ad? + 2bed) + 3Lbd* + Ac? + Bed 4+ Cd* # 0, (57)

then the quadratic system (55) given in Theorem 6.1 reduces to a the linear system with solutions

Ga® + Ha?b + Kab? + Lb® + Aa?> + Bab + Cb* + Da+ Eb+ F

- s 58
3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd? + Ac? + Bed + Cd>? (58)

bh =

B 3Ga’c + 2H(abc + a?d) + K(b*c + 2abd) + 3Lb%*d + 2Aac + B(ad + bc) + 2Cbd + Dc + Ed

— Hbc?p;. 59
3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd? + Ac? + Bed + Cd? “h (59)

b2 =

Proof. Proof follows from Theorem 6.1 since

cX(Ge + Hd) + d*(Kc + Ld) = G + Hc?d + Ked? + Ld>.
O

In the following example we see that the exponential function of ¢ can be used to construct solutions for third-order
PDEs.
Example 6.1. Consider the PDE

Unee + 2Uxey + 2Uyyy + dUyyy + Slyy + 6Ly, + TUyy + 8Uy + U, + 10u = 0. (60)
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For ¢ =2 and d = —1, we have ¢ + 2d = 0, 2c¢ + 4d = 0, then from Corollary 6 is satisfied. Thus,

_a’+2a’b + 2ab® + 4b> + 5a* + 6ab + 7b* + 8a + 9b + 10
12a + 2(4b —4a) + 2(a — 4b) + 12b+ 20— 12+ 7

D1

>

and
B 6a> + 4(2ab — a?) + 2(2b*> — 2ab) — 12b> + 20a + 6(—a + 2b) — 14b+ 16 — 9 N
12a+2(4b—4a) +2(a —4b)+12b+20 - 12+ 7

p2 = Spl

Ifwe takea = b =0, then @ = —2/3 and f = —87/5. In this case, pg +4p; > 0, so functions fand g given in Proposition 3.3
are solutions for the PDE (60).
Consider the 3rd-order PDE

Gy + Huyyy, + Kuiyyy, + Luy,y, = 0. (61)
We have the following theorem for 3rd PDEs of the form (61).

Theorem 6.2. Consider the PDE (61), the affine planar vector field @ given in (5), and the quadratic system of equations

(Gc® + He*d + Ked? + Ld®)xy
+(3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd*)x
+Ga* + Ha’b + Kab® + Lb* = 0,
(62)
(Ge® + He*d + Ked? + Ld®)y? + (Ge® + H(c*d + be?) + Ked? + Ld®)x
+(3Gac? + H(bc? + 2acd) + K(ad? + 2bcd) + 3Lbd%)y + 3Ga’c
+2H(abc + a*d) + K(b*c + 2abd) + 3Lb*d = 0.

If (p1, p2) is a solution of the quadratic system (62), for the algebra A = A;(p1,p2), the components of all the
@A-differentiable function are solutions of the PDE (52).

Proof. Let A = A (p1,p2), where p; and p, are a solution of the quadratic system (62). Using the equali-
ties (14), (15), (53), (54), and the obtained by substituting p;, p, in (62), we obtain that columns of the g A-differentiable
functions are solutions for (52). O

7 | ATH-ORDER PDES

The bi-harmonic equation is the 4th-order PDE
Usoor + 2Uxxyy + Uyyyy = 0, (63)

the bi-wave equation is the 4th-order PDE
Usoox — 2Uyy + Uyyyy = 0, (64)

and the bi-telegraph equation is the 4th-order PDE
Usorx — 2Ucyy + Uyyyy — A'u = 0; (65)

see Pogorui et al.® For ¢ being an affine planar vector field, the fourth-order partial derivatives Fiox, Frcyy, and Fy,y, of
@A-differentiable functions F are given by

Froe = Ty 0%, Feyy = Fo' 0203, Fryyy = Fo' @3 (66)
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From the A = A;(p1, p) product and the proposed form of ¢ in (5), we have

@y =c*(p1p; + P3.p; + 2p1p2) + 4ac (P12, p5 + p1) + 6a°c(p1, p2) + a’(a, 4c),
@2 = Ed3(p1p? + pi.p3 + 2p1p2) + (2cd(ad + be)p, + a*d® + 4abed + b*c*)(p1. p2) 7
+ (a®b?,2(ad + be)(cdp; + ab)),

@y =d*(pip3 + pi.p3 + 2p1p2) + 4bd*(p1p2. p3 + p1) + 6b*d*(p1, p2) + b*(b, 4d).

We have the following theorem for the bi-harmonic equation.

Theorem 7.1. Consider the PDE (63), the affine planar vector field ¢ given in (5), and the cubic system of two equations

(e + d>*(xy? + x*) + 4(ac + bd)(¢ + d*)xy

+2(3a*c? + a*d? + 4abcd + b*c® 4+ 3b*d*)x + (a®> + b¥)? =0, 68)
(c® + d>*(y® + 2xy) + 4(ac + bd)(c® + d*)(y? +x)

+2(3a*c? + a*d? + 4abcd + b*c* + 3b%*d%)y + 4(a® + b*)(ac + bd) = 0.

If (p1, p2) is a solution of the cubic system (68), then for A = Ai(py, p,), the components of all the pA-differentiable
functions are solutions of the PDE (63).

Proof. Let A = A;(p1,p2), where p; and p, are a solution of the cubic system (68). Using the equalities (66), (67),

and (68), we obtain that components of all the pA-differentiable functions are solutions for the bi-harmonic
equation (63). O

In the following example we use the multiplicative inverse of ¢ to construct bi-harmonic functions.

Example 7.1. If o(x,y) = (x + y + k,x — y + 1), then p; = —1 and p, = 0 satisfy conditions (68). Thus, for A = C, the
components of all the pA-differentiable functions are solutions of the bi-harmonic Equation (63). Function

(x+y+k,x—y+l)‘1=< x+y+k ’ x—y+1 ’
x+y+k)?2+x—y+D2 x+y+k)2+@x—y+1)?

has components

_ x+y+k _ x—y+1
f) = xX+y+k2+&x—y+0D? g y) = xX+y+k2+x—y+D?

which are bi-harmonic functions. Also function (x+y + k, x —y + [)* has components

Fo,y) =k* + I* — 6k%12 — 4x* — 8k® — 8Ix® — 24kDx? + 4k>x + 4Px — 12ki*x — 12k%Ix
— 4y* — 8ky® + 81y + 24kly* + 24x%y? + 24kxy? + 24lxy* + 4k3y — 4By
— 12k%y + 12k>ly + 24kx?y — 24Ix%y + 24k*xy — 241%xy,

g(x,y) = — 4kl + 4k31 + 8ka® — 81X + 12kx* — 12%x% + 4k>x — 41x — 12kIPx + 12k%Ix
— 8ky® — 81y® — 16xy° — 12k%y? + 1212y* — 24kxy? + 24Ixy* — 4k3y — 41y
+ 12kPPy + 12k%Ly + 16x°y + 24kx?y + 24Ix*y + 48klxy,

which are bi-harmonic functions.

In the following example we give a planar vector field ¢, which is not the identity function, for which the algebra of
complex numbers can be used to construct bi-harmonic functions.

Example 7.2. If ¢(x,y) = (y + k,—x + 1), then p; = —1 and p, = 0 satisfy conditions (68). Thus, for A = C, the
components of all the pA-differentiable functions are solutions of the bi-harmonic Equation (63).
We have the following theorem for the bi-wave equation.
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Theorem 7.2. Consider the PDE (64), the affine planar vector field ¢ given in (5), and the cubic system of two equations

(A — d®?(xy? +x%) + 4(ac — bd)(c? — d*)xy
+2(3a*c? — a*d? — 4abcd — b*c® + 3b*d*)x + (a®> - b} =0,
(69)
(A = d*»*(y* + 2xy) + 4(ac — bd)(c* — d*)(y* +x)
+2(3a%c? — a*d?® — 4abcd — b*c? + 3b*d*)y + 4(a® — b*)(ac — bd) = 0.

If (p1, p2) is a solution of the cubic system (69), then for A = A,(p1, p2), the components of all the pA-differentiable
functions are solutions of the bi-wave Equation (64).

Proof. Let A = A,(p1,p2), where p; and p, are a solution of the cubic system (69). Using the equalities (66), (67),
and (69), we obtain that components of all the pA-differentiable functions are solutions for (64). O

In the following example, the multiplicative inverse and the fourth power function of ¢ are used to construct solutions
for the bi-wave equation.

Example 7.3. If p(x, y) = (y + k,x — y + 1), then p; = —1/4 and p, = 1 satisfy conditions (69). Thus, for A = Af(1/4, 1),
the components of all the @A-differentiable functions are solutions of the bi-wave Equation (64). Function ¢! is
pA-differentiable, and

(y+ksx_ y+ l)_l = (f(x’ J’),g(x’J’)),

where
Feay) = 4x + 4k + 4l
VT 2+ Bk + 2D+ ) + 2k + 12
—4x + 4y — 4l
g, y) = 4

e+ )2+ @k +2D(x+ y) + Qk + D2’

which are solutions of the bi-wave equation. In the same way for ¢*, we have

(y+k’x_ y+ l)4 = (f(x,y),g(x,y)),

where
—3x* — 16kx® — 1213 — 24k?x? — 181%x* — 48kIx? — 1213x — 48kl?>x — 48k?Ix
fox,y) = 16
+5y* + 32ky® + 121y° + 12xy° + 72k*y? + 612y? + 48kly? + 6x>y* + 48kxy?
16
+12Ixy? + 64k3y — 4By + 48k2ly — 4x3y — 12Ix%y + 48k*xy — 121%xy
16
+16k* — 31* — 16kI® — 24K*[
16 ’
P x* 4 6kx3 + 4l + 12k%x? + 612x% + 18kix? + 18kI%x + 24k%Ix — y* — 6ky?
9 y =
2
=21y — 2xy® + 8k3x + 413x — 12k?y? — 6kly* — 6kxy* — 8k3y
2
+2By + 6kIPy + 2x3y + 6kx?y + 61x%y + 6[2xy + 12kIxy
2
+I* + 6k + 12K21% + 8Kk31
2 9

which are solutions of the bi-wave equation.
In the following example, the multiplicative inverse function of ¢ is used to construct solutions for the bi-wave equation.
Example 7.4. If p(x,y) = (x + y + k,x + 1), then p; = 0 and p, = —2 satisfy conditions (69). Thus, for A = Af(o, -2),
the components of all the pA-differentiable functions are solutions of the bi-wave Equation (64). Function ¢! is
@A-differentiable, and

x+y+kx+D=(f0xy).80x ),
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where
1 _ —-x—1
xiyrk YT e ook by e ok
which are solutions of the bi-wave equation.
The exponential, trigonometric, and hyperbolic functions of ¢ have components which are solutions for the bi-telegraph
equation, as we see in the following theorem.

fx.y) =

Theorem 7.3. Consider the PDE (65), the affine planar vector field ¢ given in (5), and the cubic system of two equations

(e — d>*(xy* + x*) + 4(ac — bd)(¢* — d*)xy
+2(3a%c? — a*d? — 4abcd — b*c? + 3b*dP)x + (@®> — b*)? — 1t =0,
(70)
(® — d®*(y* + 2xy) + 4(ac — bd)(c* — d*)(y* +x)
+2(3a*c® — a*d? — 4abcd — b*c? + 3b*d?)y + 4(a* — b*)(ac — bd) = 0.

If (p1, p2) is a solution of the cubic system (70), then for A = A,(p1, p2), the components of the functions

e?™Y) | sin(@(x, y)), cos(@(x,y)), sinh(p(x,y)), cosh(p(x, y)),

are solutions of the bi-telegraph equation (65).

Proof. Let A = A;(p1,p2), where p; and p, are a solution of the cubic system (70). Using the equalities (66), (67),
and (70), we obtain that components of all the pA-differentiable functions are solutions for (65). O

In the following example, the exponential function of ¢ is used to construct solutions for the bi-telegraph equation.

Example 7.5. If p(x, y) = (Ax+k, Ax+ Ay +1), then p; = 0 and p, = —1 satisfy conditions (70). Thus, for A = Af(o, -2),
the components of all the pA-differentiable functions are solutions of the bi-telegraph equation (65). By Proposition 3.3,
components of function e?™) are given by

fx,y) =e™, g(x,y) =e™ —e™V,

which by Theorem 7.3 are solutions of the bi-telegraph equation.

In the following example, the exponential and sine functions of ¢ are used to construct solutions for the bi-telegraph
equation.

Example 7.6. If p(x,y) = (x — y + k,x + y + ), then p; = (1/2)* and p, = 0 satisfy conditions (70). By Proposition 3.3,
for A = A?((4/2)*,0), the components of function e#™?) are given by

fey) = ? (eé(’”” +e‘§("+y)> . 8l y) = Zixz_y <e§<"+” -~ e‘émy)) 7

which by Theorem 7.3 are solutions of the bi-telegraph equation. Components of sin(¢(x, y)) are given by
. A2 4 . (A%
f(x,y) =sin(x — y+ k) cos Z(x+y+k) ,g(x,y)zﬁcos(x—y+k)s1n Z(x+y+k) .

So, by proof of Theorem 7.3, they are solutions of the bi-telegraph equation.
In the following example, the sine and cosine functions of ¢ are used to construct solutions for the bi-telegraph equation.

Example 7.7. If p(x,y) = (O, < A2+ d2) x+dy+ l), then p; = 1 and p, = 0 satisfy conditions (70). Thus, for A =

Af (0, —2), the components of all the p A-differentiable functions are solutions of the bi-telegraph equation (65). Following
proof of Proposition 3.3, we obtain that components of functions sin(¢(x, y)) are given by

fOLy) =0,  gCxy) =sin ((\//12 +d2>x+ dy + l),
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which by Theorem 7.3 are solutions of the bi-telegraph equation. In the same way, components of functions cos(¢(x, y))

are given by
f(x,y)=cos<<\//12+d2>x+dy+l>, g,y =0,

and they are solutions of the bi-telegraph equation.

8 | THE CASE Duy+ Eu,+Fu=0

Now, consider the PDEs
Duy + Eu, + Fu = 0. (71)

For this linear case, the following result gives conditions under which the components of the exponential function (6)
are solutions for (71). This is satisfied for any two-dimensional algebra.

Proposition 8.1. Let (a, b) be a solution of Dx + Ey + F = 0, (c,d) a solution of Dx + Ey = 0, A an algebra, and ¢
defined by (5). Thus, the components of the exponential function (6) defined with respect to A are solutions for (71).

Proof. If (a,b) is a solution of Dx + Ey + F = 0 and (¢, d) of Dx + Ey = 0, then D(a, ¢) + E(b, d) = —F(1, 0). Thus,
D(pxe("(x’y) + E(pye(”(x’y) = —Fe?®y)

That is, if (f, g) = e?, then
D(f.8x+E(f.8)y=-F(f.8).
Therefore, fand g are solutions for (71). O

In the following example we use the expressions for the exponential function of ¢ given in Section 3 to construct
solutions for the case of first-order PDEs.

Example 8.1. Consider the PDE (71) with D = 1, E = 2, and F = 3. Then (-1, —1) is a solution of x + 2y = -3, and
(2,—1) is a solution of x + 2y = 0. We take ¢(x,y) = (—x — y,2x — y). Let A be the algebra A = A;(p1,p2), and € the
exponential (6) defined with respect to A.

If p,% + 4p; < 0, and y = y/—p,2 — 4p1, then by Proposition 3.1 the component fand g of £ are given by (26) and (47),
which in this case take the form

fx,y) =X HEE <cos (g(Zx - y)) - % sin <g(2x - y)>> :

(-ps = r)sin (L(2x - )
2p1y

—x—y+ 2 (2x-y)

gx,y) =e

If p,2 + 4p; = 0, then by Proposition 3.2, the components f and g of £ are given by (28) and (29), which in this case take
the form

fxy) = e <R (

P
glx,y) = e TE (),

—p2(2x — y) + 2>
— )

If p,2 +4p; > 0, and y = y/p,? + 4p;, then by Proposition 3.3, the components fand g of £ are given by

1) (30) and (31) for p; #0, which in this case take the form

L(ox— _ L (x—
eyt 2 ey Y - p)e:® ™ + (y + py)e : >
2y
r — _r —
ey ey (P = P2 ®TY — (7 — py?)e Y

4p1y

[,y =e

s

gx,y)=e
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2) (32) and (33) for p; = 0, which in this case take the form

floy)=e™7,

glx,y) = ie‘x‘y (_1 + ePz(ZX—y)) )
P2

9 | CONCLUSIONS

The main contribution of this paper is that it shows that pre-twisted differentiability (see preprint arXiv 1805.10524) is a
generalization of complex analysis; it generalizes the result relating harmonic functions to the components of complex
analytic functions. In this paper, for each PDE of type (1), and for ¢ given by (5), by Theorem 4.1, there exists an algebra
A such that all components of pA-differentiable functions are solutions of the given equation. By Theorem 5.1, one has
that these are all the solutions. In this way, all these PDEs are solved. In addition, the pre-twisted differentiability can be
used to construct solutions for PDEs of the form (2) and for higher order PDEs. In these developments, the pre-twisted
differentiability, its generalized Cauchy-Riemann equations, and the algebras A, (p;, p;) have played a central role.

The method applied in this paper is a more explicit way of the method proposed in Ketchum! for solving PDEs of
mathematical physics. Several authors cite this work; they put conditions of the type that there exists an algebra A for
which Ae} + Beje; + Ce§ = 0 is satisfied in order to construct solutions of PDEs of the type (1); see Pogorui et al® and
Plaksa.’ In this paper, we require that

Ag(e1)* + Bo(e1)p(ez) + Coler)* + Do(er) + Ep(e) + Fe, =0,

for constructing solutions for PDEs of the type (2). This allows us to build solutions for a wider class of EDPs.

The constructions given in this paper can be generalized to differential equations with a larger number of inde-
pendent variables. For the case of the 3D Laplace's equation, examples can be given in which the components of the
@A-differentiable functions are harmonic functions, but it is not possible to find a 3D linear vector field ¢ and an algebra
A such that the components of all the pA-differentiable functions are all the harmonic functions of three variables. For the
case of homogeneous quadratic polynomials, one can find three examples of families of p A-differentiable functions such
that all harmonic quadratic polynomials that are homogeneous can be expressed as linear combination of components of
these three families of pA-differentiable functions.

In addition to the applications of the components of pre-twisted differentiability function for solving classical PDEs of
the mathematical physics, applications to Elasticity are possible; see Lu'® and preprint arXiv: 1601.01626. More functional
analysis techniques, complex analysis, and matrix theory are applied in Aguirre-Hernandez et al*! and references therein.
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