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ABSTRACT
Geometric transformations are a relevant subject taught at differ-
ent educational levels, from elementary to higher education. This
work focuses on designing an educational tool suitable to help stu-
dents learn and practice transformations in the specific context
of an undergraduate computer graphics course. Even when the
subject of study is the same, the learning objectives are different
in other educational contexts, such as elementary or middle educa-
tion. We propose in this work a cards-based video game founded
in a model that constrains the input variables of learning exercises
without sacrificing the diversity of scenarios and difficulty levels.
Incorporating this model into a video game is congruent because it
privileges the visual over the numerical information that defines
a specific "before and after" style of learning exercise. The game
mechanics were designed around a set of requirements thought
to meet the student’s needs, such as learning by experimenting,
instant feedback, and matrix representation, among other criteria.
The video game was developed in the Unity engine, and it is ready
to be tested in the classroom during the next phase of our research.
We expect to gather qualitative and quantitative data to evaluate
its potential as a learning tool for undergraduate students coursing
computer graphics.
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1 INTRODUCTION
Geometric Transformations (GTs) are an important topic in educa-
tion [1-3] and diverse professional fields. As a subject of study, GTs
include translations, rotations, scales, and reflections as they are
applied to real and virtual objects. This topic is taught at different
levels, from elementary to higher education, with customized goals
depending on the students’ academic backgrounds. In the specific
case of learning GTs as part of a computer graphics course, transfor-
mations are involved in the whole process of rendering a scene, like
modeling, viewing, and projecting, among other structured steps
in the rendering pipeline [4]. In this context, students must have a
strong understanding of GTs to later utilize them in core processes
in computer graphics. Unfortunately, not all students have previous
experience or intuition to understand transformations easily and
usually struggle to apply and dominate them; recognizing GTs im-
plies developing cognitive abilities known as visual-spatial, which is
not always a trivial task [5]. We detected an opportunity to address
this issue, especially after verifying that most previous works are
aimed at elementary or middle education, with different learning
objectives than higher education, even with the same subject of
study. Commonly, GTs are not represented with matrices at those
lower levels of education and are almost always 2D oriented. There-
fore, specialized tools are needed for computer graphics students
that help them to understand both single and composite transfor-
mations (multiple GTs applied ordered, in a sequence). Furthermore,
students need plenty of visual support to understand the meaning
and application of GTs; most of the time, the matrix format and
the analytical procedures alone are not enough. GTs are visual by
nature because they correspond to our human perception of their
effect on real-world objects. Hence, their learning implies abilities
and strategies in both aspects, the visual and analytical [6]. Spe-
cific training may consist of exercises demanding to figure out a
sequence of steps to transform an object, given an initial and a
final state (this paper refers to this exercise style as "before and
after"); this type of exercise was classified as the most challenging
learning task involving GTs [7]. The rest of this paper is structured
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as follows: Section 2 summarizes the learning strategies proposed
in previous works to teach GTs. Section 3 describes our proposed
educational tool’s requirements, provides a model to characterize
the exercises’ solutions, and justifies a series of constraints in the
exercises definition that enhance its visual interpretation. Section 4
describes the game proposal in detail and, finally, Section 5 presents
the conclusions and future work.

2 TEACHING GEOMETRIC
TRANSFORMATIONS

Teachers have used various strategies and means to help students
learn GTs according to students’ educational level and background.
For instance, in elementary and middle education, the emphasis
is placed more on an intuitive concept of GTs, with a practical
approach that relates this subject to the real world [8, 9] or the cul-
tural context of the student [10, 11]. In this category are included
numerous studies appearing in journals on mathematics education.
Furthermore, in addition to the traditional teaching elements such
as whiteboards, presentations, and multimedia materials, some au-
thors have proposed additional tools, such as handheld calculators
[12]. More recently, the so-called Dynamic Geometry Software
(DGS), a computer program specially designed for interactive cre-
ation andmanipulation of geometric constructions, has a ubiquitous
presence in the classroom. Among others, software in this category
includes Cabri, Geometer’s Sketchpad, and Geogebra, and ranges
from free of use to different licensing terms. Various studies have
analyzed the impact of DGS from different perspectives [15-17].
Among several mathematical topics, this software has been used
as a learning tool for teaching GTs [2, 13, 14], mainly in middle
education. Learning GTs becomes more centered in the mathemat-
ical foundations and formal properties of translations, rotations,
scales, and reflections in higher education. In the particular con-
text of studying GTs as part of a computer graphics course, the
standard way of study them is using their matrix representation.
This treatment is compatible with the internal work of the graph-
ics accelerator hardware and many low-level programming APIs
that handle 3D graphics. We have detected few studies primarily
focused on learning GTs in this context. Some studies, for instance,
approached the computer graphics field in general, addressing GTs
among many other subjects [18]. Other studies implemented didac-
tical tools specifically for GTs. For example, one implemented an
interactive tool that displayed an editable transformation matrix
and simultaneously displayed a 3D model showing the visual effect
[19]. Another study developed a gamified tool that used cards and
aimed to help learn affine transformations by input values in the
cards’ fields and look at the results applied to a 3D model [20].

3 REQUIREMENTS AND EXERCISE MODEL
The following list shows a set of requirements that we consider
relevant for the educational tool proposed in this work. They are
aligned with the specific context of students learning GTs in a
computer graphics course.

• GTs are represented visually: students should see the ef-
fect a transformation causes when applied to an object in-
stead of only working with abstract mathematical entities
such as vectors and matrices [21].

Figure 1: Exercise model.

• Students dynamically work with the composition of
transformations: This requirement is about the free manip-
ulation of a composition by adding, removing, or reordering
the transformations and seeing the visual results [16, 21].

• There is a connection between the transformations
and their matrix representation: Instant feedback about
any single or composite transformation matrix values when
solving an exercise [19].

• Promote the students’ awareness of the non-
commutative propriety of composite transforma-
tions: Students should see the effect of altering the order of
transformations in a composition (sequence) [16, 21].

• Provide a mechanism for adjusting the level of com-
plexity of the learning exercises: This is basic to keep
students motivated to learn. Overwhelming them with early
complex exercises may discourage them from learning [22].

• Useful exercises can be derived from simple base
cases: The underlying concepts to understand and efficiently
manipulate GTs can be exposed with well-selected exercises
[23, 24].

• The environment stimulates learning by doing: The
tool interface should encourage students to experiment in-
stead of waiting for explanations, instructions, or a step-by-
step solution [16].

• The educational tool preferably has a game interface:
While this is only a choice, a ludic approach is preferable
instead of a "lecturer" one. This is in alignment with a tool
that favors the student’s engagement in the learning process
[25-27].

We developed a general model to represent the exercises gen-
erated by the game. This model is based on the "before and after"
exercise’s style mentioned earlier in this paper. In general, to solve
this kind of exercise and avoid ambiguity (different interpretations
for the same problem), data must be provided to the student that
accurately describes the initial and the final states. This data can
be split into two forms, visual and numerical. This condition is
represented in Figure 1. Due to our human visual perception of
the effect transformations have on real-world objects, it is unlikely
that a student can solve a "before and after" exercise with only
numerical data and with no graphical representation. On the other
hand, it is not easy to define this kind of exercise exclusively with
visual information [6].
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Table 1: Selection of transformations

Transformations Axes Restrictions Detailed options

Rotations x, y, z Multiples of 45 degrees Rx(±45˚), Rx(±90˚), Rx(±135˚), Rx(180˚)
Ry(±45˚), Ry(±90˚), Ry(±135˚), Ry(180˚)
Rz(±45˚), Rz(±90˚), Rz(±135˚), Rz(180˚)

Reflections (Mirrors) x, y, z None Mx, My, Mz
Scales x, y, z Double, Half Sx(2.0), Sx(0.5), Sy(2.0), Sy(0.5)

Sz(2.0), Sz(0.5)
Translations x, y, z Fixed distance Tx(±1.0), Ty(±1.0), Tz(±1.0)

Figure 2: Selection of symmetric views

Therefore, our model establishes that most of the data is visual
and restricts to a minimum the numerical one. To achieve this
requirement, the model removes the continuous nature of transfor-
mations parameters and makes them discrete, leaving only a few
options allowed in any exercise so that most of the numerical data
can be inferred from the visual (graphical) data. Table 1 summarizes
the total options considered in our model to generate exercises.

Even with the proposed restrictions in place, many views of an
object can still be derived by combining the transformations in
Table 1. Therefore, it is necessary to place additional constraints
on the views to guarantee that only highly symmetrical ones are
considered for the exercises. The student will infer the transforma-
tions involved in an exercise with symmetrical views easier than
asymmetrical ones [28]. Figure 2 shows the selected views that are
incorporated into the learning exercises defined by our model. Also,
it is desirable to operate on a highly symmetrical object to take ad-
vantage of the constraints about symmetry; this is why the selected
3D object transformed in any exercise is a cube, as shown in Figure
2. Our model follows a uniform pattern to represent any solution;
this allows us to quantify the total possible exercises that can be
defined with all the constraints put in place. All possible combina-
tions of the transformations in Table 1 (and restricted to generate
the symmetric views in Figure 2) nearly total 350,000 exercises
available (349,920). While not infinite, this number allows exercises
to feel not repetitive and provides many degrees of complexity to
be chosen.

4 GAME PROPOSAL
This section outlines a game prototype developed in Unity engine
[29] that implements the features identified in section 3; it includes

the description of the main interface, mechanics, adjustment of
difficulty levels, and game elements design.

4.1 Main game interface
The main game screen consists of four zones: (1) Goal zone. In this
zone, a cube is visualized with some applied transformations on it.
The challenge for the player is to figure out what sequence of cards
will correspond to this "goal state". (2) Player zone. Here, a cube in
the initial conditions (with no applied transformations) is depicted.
As soon as the player starts building a sequence of transformations,
their cumulative effect will be seen on this cube. (3) Deck. This zone
is reserved for the cards available to build a sequence (or steps) of
transformations. (4) Sequence. Here, the selected cards are placed
in the specific order chosen by the player, one by one.

4.2 Visual elements
Most of the information necessary to solve a goal is given as part of
its visual representation. The following list summarizes the visual
elements incorporated in the game interface that help the player
interpret the goal transformations correctly.

• Scales are intuitively recognized by looking at the cube shape.
It is not hard to differentiate only three scale possibilities:
no scale, double, and half. Additionally, a colored "glow" at
any edge in the cube will highlight a scale in that specific
direction. The slight perspective projection (no orthographic)
in the scene will help visualize this "glow feature" even in
the depth Z direction.

• Scales are also highlighted by a geometric pattern in the cube
faces because that pattern will look distorted in the presence
of scales.

• Rotations are better recognized by giving a different color
to any face of the cube.

• Rotations and reflections (and, to some extent, scales) are
better recognized by including a visual representation of the
system coordinates axes (additionally, each axis is colored
differently).

• Translations are easily noted in the X-Y plane, but, unfor-
tunately, it is not the case in the Z direction (depth). So, in
this case, the perspective projection can help the player to
be aware (to some extent) that the cube is translated in the
Z direction by perceiving it farther or nearer. Additionally, a
transparent colored panel in the X-Y plane at Z=0 highlights
any cube’s position at the negative Z-axis.
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4.3 Game mechanics
First, the player is presented with a fixed number of cards in the
"deck zone"; each card is labeled with a specific geometric trans-
formation. The cards are not listed in any particular order. Then,
the player can click and drag any card to the "sequence zone" until
every slot is occupied (the sequence is complete). When the se-
quence is full, the game engine starts an animation that applies
each transformation in the sequence, step by step, to the cube. At
the same time, the answer is evaluated, and instant feedback is pro-
vided to the player about the sequence correctness. At this point,
if the sequence was correct, the player’s score is updated, and a
new challenge (goal) is proposed. Otherwise (if the player fails),
the same scene is loaded (with the same cards in the deck zone).
To incentive the player to actively think for a solution, the highest
score is given when the player solves the goal at the first attempt.
After that, further attempts decrease the reward even when the
answer is correct. This overall strategy intends to minimize the
situation where only a random order of cards is chosen several
times until they fit the goal state, which would have a minimal
(or even no one) learning impact. Additionally, a pressure factor
to keep the interest and dynamics of the player experience is the
elapsed time; the player has a time limit to provide the right solu-
tion. However, this component is handled with caution because it
is not desirable that the player selects a random choice just to avoid
the time penalization. The game has various levels of increasing
difficulty, which can be unlocked after completing lower levels in
the complexity spectrum offered.

4.4 Difficulty levels
The proposed mechanics allows a great extent of flexibility in the de-
gree of difficulty of the learning exercises. Difficulty can be adjusted
with the following elements: (1) The ratio between the number of
cards in the deck zone and the number of steps in the solution di-
rectly impacts difficulty. For example, a scenario with three slots in
the sequence and three cards in the deck will have less complexity
than three slots in the sequence and ten cards in the deck. A sim-
ple permutations comparison highlights the significant difference
between these two cases as follows:

Permutations: nPr = n!
(n−r)!

Case 1: 3P3 =
3!

(3−3)! = 6
Case 2: 10P3 = 10!

(10−3)! = 720 (2) The types of transformations
needed in a solution modify the overall difficulty. A controlled
degree of complexity can be achieved by restricting the transforma-
tions applied to the "goal" cube. For example, a simple case requiring
only translations is less complicated than other requiring trans-
lations, rotations, and scales. Also, subtle differences in difficulty
are possible even within the same transformation. For example,
variations in the degrees and axes of rotations can lead to different
levels of complexity.
(3) The time available to solve an exercise also impacts the difficulty
of solving it. However, this element is not considered much relevant
because, to some extent, it is in opposition to the learning objective.
Instead of acting based on time pressure, the player should carefully
think, ponder, and analyze the given goal.

Figure 3: Game screen showing a learning exercise.

4.5 Transformations available and cards design
The game implements the selection of transformations defined in
Section 3 (Table 1). Each of these options has a unique graphical
representation in the cards. The design resembles the familiar icons
and colors commonly found in design and animation software.
It provides an intuitive representation of translations, rotations,
scales, and reflections, as well as the involved axes (red, blue, and
green, corresponding to X, Y, and Z). In addition to icons and colors,
the only non-graphical information appearing in cards is a letter
denoting the axis and a number that means different things depend-
ing on the card type (degrees for rotations, multiplicative factors
for scales, distances for translations, and -1 for reflections). Figure
3 shows a portion of the game screen with the main elements in
place: (1) A deck zone that allocates six cards, (2) a "sequence" zone
with three steps, (3) the "goal" cube already in the desired position,
and (4) the "player" cube in its original position. As soon as the
sequence is complete, the game starts an animated sequence, step
by step, showing the transformations and the final state achieved
by the player. If there is a match with the goal, a score is given,
and continue with the next challenge. If the submitted sequence
is not correct, the player has the option to repeat de challenge.
In this simple example, three cards will remain unused; this may
discourage the player from random permutations guessing.

5 CONCLUSIONS AND FUTUREWORK
We consider that the prototype described in this work achieves the
original requirements and can be extended to cover others. Fur-
thermore, while previous works and various available tools aim at
a similar objective, we consider that our proposal is more closely
tailored to the specific context: higher education, computing, com-
puter graphics, GTs, and matrices composition. Thus, different tools
may be more effective in other contexts but may be less effective
in this particular context, with this precise learning objective. Our
proposal is still pending to be tested in the classroom, where we will
gather data to clarify and quantify the game’s potential as a learning
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tool. With this goal in mind, we also expect to incorporate game an-
alytics that complements other feedback data, such as the students’
performance in standardized tests. Future work includes developing
additional studies to provide a solid foundation for categorizing
difficulty levels according to the current variety of transformations.
Also, complementary tests can be done by changing some aspects
of the game design, such as adding objects, enhancing the game
mechanics, providing alternative solutions, or allowing the manual
definition of the cards deck, among other things.
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