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Geodesics of Hayward black hole surrounded by quintessence
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Abstract

Basing on the ideas used by Kiselev, we study the Hayward black hole surrounded by

quintessence. By setting for the quintessence state parameter at the special case of ω = −2
3
,

using the metric of the black hole surrounded by quintessence and the definition of the effective

potential, we analyzed in detail the null geodesics for different energies. We also described the

horizons of the Hayward black hole surrounded by quintessence as well as the shadow of the black

hole.
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I. INTRODUCTION

The existence of a central singularity inside a black hole is the difficulty in general relativ-

ity because the point singularities will be divergent then the physics laws are incompleteness.

Although in the black holes, the singularities in their interior are covered by an event hori-

zon, the prediction made by Hawking several years ago, affirms that the black holes radiation

flux causes they shrink until reach the singularity [1].

To avoid the singularity problem the construction of regular solutions have been proposed,

for example, the theory of general relativity coupled to non-linear electrodynamics is one

candidate, because, in this theory, solutions which do not contain a singularity at the center

has been constructed, for example [2] [3][4].

Another idea to generate regular solutions is to consider that a regular solution will

contain critical scale, mass, and charge parameters restricted by some value, which depends

only on the type of the curvature invariant, this assumption, is called the limiting curvature

conjecture [5].

Following the idea of the limiting curvature Hayward [6] proposed a static spherically

symmetric black hole that near the origin behaves like a de Sitter spacetime, its curvature

invariants being everywhere finite and satisfying the weak energy condition. Variations

have been studied as the rotating Hayward [7] and Hayward charged [8]. Also, diverse

investigations have been focused on the properties of the Hayward black hole. For example,

in [9], the interior of the regular Hayward black hole was explored with The Painlev’e-

Gullstrand coordinates and in [10] [11] the quasinormal modes were studied.

As the black holes are accepted as part of our universe, the study of consequences of the

black holes coexistence with other types of matter or energy is significant. For example,

our universe is dominated by dark energy that contains about 70% of the universe and is

responsible for the accelerated expansion of our universe so that the black holes surrounded

by dark energy are of interest to researchers. There are alternative models as candidates for

dark energy, most of them are based on a scalar field as are quintessence [12][13], phantom

[14], K-essence [15] among others.

Kiselev (2003) [16] present a new static spherically symmetric exact solutions of the Ein-

stein equations for quintessential matter surrounding a black hole, and there have been

different investigations applying the Kiselev model. For example, in [17], the quasinormal
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modes of the Schwarzschild black hole surrounded by the quintessence are studied. Also,

the null geodesics for Schwarzschild surrounded by quintessence in [18] is addressed as well

as Reissner-Nordström surrounded by quintessence in [19] and in [20] investigate the ther-

modynamics of Hayward black hole surrounded by quintessence.

In [21] has investigated that the anisotropic stress-energy leading to Kiselev black hole

solution can be represented by being split into a perfect fluid component plus either an

electromagnetic component or a scalar field component, then Kiselev black hole fails to

represent a perfect fluid spacetime.

For the mentioned above, in the present paper proposed, we study the Hayward black hole

surrounded by quintessence matter using the solution obtained by Kiselev, and we analyze

the null geodesics for this new solution black hole.

The paper is organized as follows: Sec. II shows the Hayward black hole surrounded

by quintessence, and some properties are shows, then in section III, we analyze the null

geodesics of Hayward surrounded by quintessence. In IV, the examples of null geodesic with

different energy are given. In section V, we give a brief analysis of the Hayward black hole’s

shadow area surrounded by quintessence. Finally, conclusions are given in the last section.

II. HAYWARD BLACK HOLE SURROUNDED BY QUINTESSENCE

Using the idea of the limiting curvature condition and minimal model, Hayward [6] pro-

posed a the regular static spherically symmetric space-time that describes the formation of a

black hole, considering that the Einstein tensor Gµν has the cosmological constant (Λ) from

G ∼ −Λg as r → 0 and Λ = 3/ǫ2 where ǫ (Hubble length) is a convenient encoding of the

central energy density, the effect of ǫ is that a repulsive force (repulsive core) prevents the

singularity. A consequence of including the repulsive core is that the strong energy condition

might be violated see [9].

The line element of Hayward BH is given by;

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dθ2 + r2 sin2 θdφ2 , (1)

where

f(r) = 1− 2Mr2

r3 + 2Mǫ2
. (2)

3



Here, M is the parameter of mass, and ǫ is a parameter related to the cosmological

constant. In the limit, ǫ → 0, the metric (1) reduces to the Schwarzschild black hole. Exist

the critical mass M∗ = (3
√
3/4)ǫ and a radius r∗ =

√
3ǫ such that Hayward BH has not

horizon if M < M∗, in the case of M∗ = M has one horizon at r = r∗ and if M∗ < M has

two horizons r = r±.

In the investigations of Kiselev [16] about of quintessence and Black holes, Kiselev pro-

posed a new solution of the metric for static and spherically symmetric space-time, consid-

ering that the energy-momentum tensor for quintessence should satisfy [22];

T φ
φ = T θ

θ = −1

2
(3ω + 1)T r

r =
1

2
(3ω + 1)T t

t (3)

where ω is taken to be a constant and the dominant energy condition requires ρ = Ttt ≥ 0

( ρ is the energy density) and | 3ω + 1 |≤ 2. Following these ideas, the expression of the

metric function of such a black hole surrounded by quintessence is obtained by adding the

therm −c/r3ω+1 to the metric of the black holes (see [18] [23] [24] for example). Thus, we

can write the function metric for Hayward BH with quintessence as;

fω(r) = 1− 2Mr2

r3 + 2Mǫ2
− c

r3ω+1
, (4)

where c is a normalization factor and ω has the range −1 < ω < −1/3. For the

Schwarzschild black hole surrounded by quintessence ǫ = 0.

The horizons of Hayward BH with quintessence (Hayward BH-ω) are determined by the

roots of the equation fω(r) = 0 In the figure (1) shows that in the case of considering of

M∗ < M , the Hayward BH-ω has two horizons for ω = −0.5, and one horizon in the case of

ω = −0.8. For the state of ω = −2/3, fω(r) has three roots. Then it is clear how the factor

ω modifies the behavior of the horizons of Hayward BH.

In this paper, we pick ω = −2

3
. We can obtain the next relation between the Hayward

BH-ω mass Mω and its horizon radius fω(rh) = 0,

Mω(rh) =
1

2

r3h (1− crh)

r2h + cǫ2rh − ǫ2
. (5)

Note that the function Mω(rh) → 0 for rh → 0, when rh → ∞, Mω(rh) → −∞ and

Mω(rh) is discontinuous at rh = [
√
c2ǫ2 + 4 − cǫ]ǫ/2. The behavior of the function Mω(rh)

for general values of c and ǫ is shows in Fig. (2).
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FIG. 1: Behavior of the function metric fω(r) with M∗ < M , M = 1, ǫ = 0.5 and c = 0.1
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FIG. 2: The figure shows the horizons of the Hayward BH-ω with cǫ = 0.1.

As can be seen from Fig. (2), there are two critical valueMωmin andMωmax for the mass of

the Hayward BH-ω that leads to different physical scenarios: first, for values of Mω < Mωmin

we have a naked singularity. For Mω = Mωmin (Mω = Mωmax) we have a Hayward BH-ω

with two horizons and for values of Mωmin < Mω < Mωmax with three horizons. For a value

of Mω = 1.132, the Hayward BH-ω has three horizons: the inner horizon rin, the event
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horizon rout (rout ≥ rin) and the quintessence horizon rq (rq ≥ rout). For a critical value of

the normalization factor c, given by

ccritǫ =
1

6

√

30
√
5− 66 ≈ 0.173368 , (6)

the Hayward BH-ω has one horizon, i.e. rin = rout = rq. Such black holes are called ultra

cold black holes [25][26]. While, that for c > ccrit there is no black hole for any value of the

mass Mω, on the other hand, for c < ccrit the black hole could have three or two horizons,

only for values of the mass Mω between Mωmin and Mωmax, where Mωmin and Mωmax are

minimum and maximum local respectively of the expression Mω(r).

When Mω = Mωmax, we have the case corresponding to the Nariai BH (see [27]).

rout = rq = −3c2ǫ2 − 1

6c
+

1 + 30c2ǫ2 + 9c4ǫ4

6c∆
+

∆

6c
, (7)

where ∆ is given by

∆ =
(

1− 117c2ǫ2 − 135c4ǫ4 − 27c6ǫ6 + 18
√
33c4ǫ4 + 9c6ǫ6 − c2ǫ2

)
1

3

. (8)

When Mω = Mωmin, we obtain

rin = rout = −3c2ǫ2 − 1

6c
− 1

12c

[

1 + 30c2ǫ2 + 9c4ǫ4

∆
+∆

]

+ i

√
3

12c

[

1 + 30c2ǫ2 + 9c4ǫ4

∆
−∆

]

.

(9)

The third term in this expression is purely real for c < ccrit, and this case corresponding to

the cold black hole. When the mass Mω is between the range Mωmin < Mω < Mωmax, we

solve (4) numerically to find the horizon radius. The Fig (2). shows both cases: Nariai and

cold black holes.

III. GEODESICS EQUATION

In this section we will derive null geodesics for the Hayward BH-ω. Considering the

spherical coordinates xµ = (t, r, θ, φ), the test particles propagate along of geodesics are

described by the Lagrangian density L = 1

2
ẋµẋµ, where ”dot” denotes the derivative with

respect to the affine parameter τ . Is possible consider 2L = h then if h = 1 correspond to

time-like geodesics and h = 0 correspond to null geodesics. Then using the form of the line

element (1) and the expression (4) the Lagrangian density is given by:
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L =
1

2

(

−fω(r)ṫ
2 +

ṙ2

fω(r)
+ r2θ̇2 + r2 sin2 θφ̇2

)

, (10)

The motion equation is

Π̇xµ − ∂L
∂xµ

= 0 , (11)

here Πxµ = ∂L/∂ẋµ is the momentum to coordinate xµ. Since the Lagrangian is independent

of t and φ, there are two conserved quantities;

Πt = −fω(r)ṫ = −E , (12)

Πφ = r2 sin2 θφ̇ = L , (13)

where E and L are motion constants that corresponding to energy and angular momentum

respectively.

We consider the motion on the plane θ = π/2 and using equations (12) and (13), the

Lagrangian in Eq. (10) can be written as

2L ≡ h =
E2

fω(r)
− ṙ2

fω(r)
− L2

r2
. (14)

Solving for ṙ2, we obtain

ṙ2 = E2 − fω(r)

(

h+
L2

r2

)

. (15)

In this paper, we will only focus on null geodesics (h = 0). Therefore, the equation for

the null geodesics for Hayward BH-ω is given by;

ṙ2 = E2 − Veff , (16)

or
dr

dφ
=

r2

L

√

E2 − Veff (17)

where Veff = fω(r)
L2

r2
. The effective potential Veff of Hayward BH-ω , can be expanded as:

Veff =
L2

r2

(

1− 2Mωr
2

r3 + 2Mωǫ2
− cr

)

. (18)

It is easy to see that Veff → 0 when r → ∞. In the figure (3) shows the effective potential

of null geodesics for different values of c. The shape of the potential is the same, independent

of values of c.
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FIG. 3: The figure shows Veff with L = 20, Mω = 1.2 and ǫ = 1

Then it is possible to mention that when the parameter c increases to Hayward BH-ω,

the effect of the gravitational potential decreases. It is possible to observe the Figure (3)

maximums of potential then exist unstable null geodesics with a radius of rC . Then we can

consider three different scenarios depending on the values of E for the motion:

1. The first case is E2−Veff = 0 when ṙ = 0, we obtained circular null geodesics. For the

null geodesics be considered as circular orbits stable or unstable, they must fulfill the

following conditions; V
′

eff(rC) = Veff(rC) = 0 where rC is the radius of the circular

orbit and the prime denotes derivative respect to r, also for circular stable orbits the

condition V
′′

eff(rC) > 0 must be fulfilled and V
′′

eff(rC) < 0 for unstable. In general the

condition for obtain the stables or unstable geodesics is;

E

L
= ±

[

1

2rC

(

−c +
2MωrC(r

3
C − 4Mωǫ

2)

(r3C + 2Mωǫ2)2

)]1/2

(19)

for example is possible consider E = EC corresponding to the maximum value of Veff

located in a rC .

2. The second case E2
1 − Veff > 0 for all r. This case denotes the value of the energy
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E = E1 that corresponding to the open null geodesics.

3. The third case E2
2 − Veff < 0 for all r. This case denotes the value of the energy

E = E2 that corresponding to the closes null geodesics.

Also is possible mention that the effective potential, Veff → 0 if r tends to rin, rout and

rq. When two horizons coincide together, the maximum of effective potential will be zero.

In this paper, we will only study the behavior of photons for non-degenerate horizons.

IV. NULL GEODESICS

In order to analyze the geodesic equation of motion (17), we would like to make change

of variable, u = 1

r
to study the orbits. Thus, we can rewrite the Eq. (17) as

(

du

dφ

)2

= g(u) , (20)

where g(u) corresponds to

g(u) =
E2

L2
− u2 +

2Mωu
3

1 + 2Mωǫ2u3
+ cu. (21)

or

g(u) =
−2L2Mωǫ

2u5 + 2L2Mωcǫ
2u4 + 2Mω (E

2ǫ2 + L2) u3 − L2u2 + cL2u+ E2

L2 (1 + 2Mωǫ2u3)
(22)

g(u) can be written as;

g(u) =
−2L2Mωǫ

2(u− u1)(u− u2)(u− u3)(u− u4)(u− u5)

L2 (1 + 2Mωǫ2u3)
(23)

Where ui are the roots of g(u) and u1u2u3u4u5 = E2

2MωL2ǫ2
,the geometry of the null

geodesics will depend on the roots of the function g(u). Note that for any values of the

parameters Mω, Q, ǫ, c, E and L, the function g(u) → ±∞ for u → ±∞. Also when u → 0,

g(u) → E2

L2 . Therefore, g(u) has three positive roots and two negative roots. The geodesics’

geometry will depend on the roots of the function g(u). Solving Eq. (20) numerically with

appropriate boundary conditions, one can obtain the geodesic followed by massless particles

in the Hayward BH-ω.

For a test particle (photon) arriving from rD > rC undergo unstable circular orbit at

r = rC . The corresponding motion is given in the figure (4). When we consider the valuer
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of E = EC the function g(u) has a degenerate root uC = 1

rC
as can also be seen in figure

(4), the graph for g(u) shows four roots.
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FIG. 4: The geodesic have an unstable circular orbit at r = rC . Here EC = 1.00125, L = 25.6,

Mω = 1.2, ǫ = 1, c = 0.1 and rC = 4.3385.

When we consider E = E1 for all values of r, the photons will fall into the black hole

in the figure (5) shows this situation. In this situation the function g(u) has two imaginary

and three real roots as shown in the graph of g(u) in the figure(5).
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FIG. 5: The geodesic have an unstable circular orbit at. Here E1 = 1.30125, L = 25.6, Mω = 1.2,

ǫ = 1 and c = 0.1.

Now when E = E2 the test particle starts far form the Hayward BH-ω at uD = 1/rD,

it will fall until uout = 1/rout and fly away from the black holes, the figure (6) shows this

situation where g(u) has five real root.
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FIG. 6: The geodesic have an unstable circular orbit at. Here E2 = 0.70125, L = 25.6, Mω = 1.2,

ǫ = 1 and c = 0.1.

V. THE SHADOW OF HAYWARD BH-ω

The shadow of a black hole in the region on the observer’s sky is left dark if the light

sources are anywhere in the universe but not between the observer and the black hole. The

shadow shape will give important information on the parameters of the black hole.

The behavior of the effective potentials are shown in the figure 3, then we observe the

existence of photo spheres, since the Hayward BH-ω is spherically symmetric the shadow

will be circularly symmetric and will be a function only of the impact parameter defined

as b2c = L2/E2 [28] also the impact parameter bc is related to the effective potential by

Vef(rc) = 1/b2c . The relation between the shadow area and impact parameter is σ = πb2c .

From combining the equation (19) and the definition of shadow area the impact parameter

is given by;

1

b2C
=

1

2rC

(

−c +
2MωrC(r

3
C − 4Mωǫ

2)

(r3C + 2Mωǫ2)2

)

(24)

In Fig (2), the behavior of the shadow area of Hayward BH-ω is shown, as well as the case

of Hayward black hole (c = 0). Then it is possible to mention that when is introducing the

normalization factor c and the quintessence state parameter ω, the shadow area increases

(σHaywardBH−ω > σHaywardBH).

So it is possible to conclude that the shadow area increases when the factor c increases,

however, the range of rC decrease i.e., exist greater combinations of the parameters E L,
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FIG. 7: The figure shows the shadow area of Hayward BH-ω with Mω = 1.2 and ǫ = 1 for different

values of c

Mω and ǫ for we obtain of photospheres with radius rC . In [29] the study of the shadow

of rotating Hayward black hole is realized and in [10] mention is made of the shadow of

Hayward with charge

VI. CONCLUSIONS

In this paper, using the method described by Kiselev, we study the metric of regular

Hayward black hole surrounded by quintessence at the special case of ω = −2

3
. It is possible

to observe that an additional horizon (quintessence horizon) can be obtained to the horizons

that the black hole of Hayward contains, this new horizon is related to the parameter ω.

A study is made of the horizons of the Hayward black hole surrounded by quintessence.

Depending on a critical value of the normalization factor, the Hayward black hole surrounded

by quintessence has one, two, or three horizons.

By analyzing the effective potential of test particles (photon), we have investigated the

null geodesics and the kinds of orbits of the Hayward black hole surrounded by quintessence

corresponding to different energy levels. The movement of the photons can be located within

the quintessence horizon, but if it passes within the horizon r = rout, the photons fall into the

12



black hole, then quintessence horizon is an apparent horizon. Finally is possible to mention

that the shadow area increases when the factor c increases.
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