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1. Introduction

It is well-known that any black hole (BH) solution fulfilling the Einstein-Maxwell equations in stationary spacetimes can be described by
only three conserved parameters: the mass, electric charge, and angular momentum [1]. This statement is called the no-hair conjecture [2-
4] and a Kerr-Newman BH solution [5] is the one depicted by these physical parameters. Obviously, one may bear in mind the addition of
the magnetic charge as a fourth conserved parameter since it is also conserved in Einstein-Maxwell theory [6]. In this context, a duality
rotation (DR) studied long time ago by Carter [7] seems to be the easiest path to add the magnetic charge into the Kerr-Newman solution
in order to describe a rotating dyon -a particle containing both electric and magnetic charges [8]-, which will satisfy an extended Smarr
formula for the mass [9]. It should be mentioned that in this approach there exists no Dirac string (DS) (or monopole hair) joined to the
BH.

On the other hand, Tomimatsu [10] via Komar integrals [11] provided simple formulas that permits the derivation of the mass formula
for multi-connected horizons. In particular, in a binary BH system he found that in the absence of the global net magnetic charge there
appears a DS linking the BHs, in the way of magnetic flux. In this physical scenario the global magnetic charge is eliminated once each
BH is equipped with an individual magnetic charge opposite in sign but carrying the same magnitude. Naturally that, the DS vanishes if
there are no magnetic charges in the solution [10] recovering the Kerr-Newman BH description. It is worthwhile to stress the fact that
there exist two approaches that allow us to add the magnetic charge into each BH; the DR [7] and the inclusion of the DS into the mass
[10,12].

Following Tomimatsu’s approach, in [13-15] has been studied the contribution of the DS into the mass formula for two counterrotating
dyonic BHs held apart by a massless strut [16,17], founding that each individual angular momentum suffers additional rotation provided
by the presence of the DS, in the form | — QyQp. However, in a later paper published by Clément and Gal’'tsov [12] it was shown that
Tomimatsu’s formulas [10] are incorrect in the presence of both electric and magnetic charges, owing to the fact that the DS affects only
the horizon mass and not the horizon angular momentum as was reported earlier in [13-15], where it is necessary to adopt a constant
(or gauge) in the magnetic potential in order to give equal weights to balance the horizon mass and angular momentum.

The present paper has the main goal to use Carter’s proposal [7] on the DR to derive the dyonic extensions of two corotating Kerr-
Newman binary BH models previously studied in [18]. These extended models are well represented by five physical arbitrary parameters:
mass My, angular momentum Jp, electric charge Qp, magnetic charge By, and a relative distance R, where all the thermodynamical
properties contained inside the extended Smarr formula have been derived in a concise form. In addition, it is demonstrated that after the
DR is applied, the physical Komar parameters {My, Qy, By, Jy} are conserved without the need of adding any specific constant in the
magnetic potential, contrary to the claim made in [19]. In this regard, is also added a short description on the correct use of this gauge
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with the aim to include the contribution of the DS in the horizon mass, by using once again the results of [14] and the ones derived
within this work for corotating systems.

2. Corotating dyonic binary black holes

Let us begin this section by introducing the following Ernst equations [20]:

(Re5 + |d>|2) AE = (VE + 28V ®) . VE,

_ (1)
(ReS n |d>|2) AD = (VE+28VD). VO,

that are equivalent to Einstein-Maxwell field equations in stationary axisymmetric spacetimes, where (£, ®) are complex potentials given
by £=f—|®|?+iVand ® = —A4+iA%. We notice that Eq. (1) remain invariant under DR, in which ® might be replaced by ®el® where
« is a constant duality angle closely linked to the magnetic charge. On the other hand, the line element defining stationary axisymmetric
spacetimes is given by [21]

ds? = 71 [e? (@p? +dz2) + pPdg? | - fde — wdp)?, (2)

where f(p, z), w(p, z), and y(p, z) are metric functions that can be obtained once one is able to solve following differential equations

ay,p=pf 2 (16, +280 52— 16, +200 ] ~4pf (10, — |02,
2y, =pf*Re[(Ep +20D p)(E;+20D )] —4pf 'Re(D , D ),
wp=—pf2IME;+20D;), w,=pfmEp+20D ). 3)

Then we have that the explicit knowledge of the Ernst potentials (£, ®) fulfilling Eq. (1), will be helpful to solve Eq. (3). In order
to derive the Ernst potentials as well as the metric functions in the entire space (p,z) one can make use of Sibgatullin’s method [22],
where it is necessary to adopt first a specific form of the Ernst potentials on the symmetry axis (the axis data). In [18] we have used the
following axis data for asymptotically flat spacetimes

22 —2M+iq)z+2A —R?/4— 0% —2q,(Q /M) +i8
Z24+2(M—iq)z+2A —R2/4— 02 +2q,(Q /M) —i8’
2(Qz+qo)

22 4+2(M—iq)z+2A —R2/4— 02 +2q,(Q /M) —i8’

2 __ 2427 _ 82
G:/A_4[|qo| (Q/Myg3] - 5
RZ _4A

£0,2)=

®(0,2) =

., A=M?*—-Q%-¢%  qo=4qo+ibo, (4)

with the main objective to describe corotating binary systems of identical Kerr-Newman BHs [5]. From the aforementioned Eq. (4) after
applying the Hoenselaers-Perjés procedure [23,24], it is possible to obtain the first Simon’s multipoles [25], where the total mass, total
electric charge, and total angular momentum of the binary system are represented by 2M, 2Q, and 4Mq — §, respectively, while the total
electromagnetic dipole moment is given as Z[qo +i(bo +2qQ)], Moreover, R defines a separation distance between the sources (see Fig. 1),
which may be BHs if 62 > 0 or hyperextreme sources when o2 < 0.

In this framework, the Ernst potentials, Kinnersley potential ®, [26] as well as the metric functions in the whole spacetime were
obtained in Ref. [18]; these explicitly are

A+T F A2 — T2 2 Im[(A =D1)G — xT
e MAT o X g, P PSRRI - DG xT]

A—T A-T A-T |A —T2 |AI2— T2+ %12
2y _ AP =10 +1x P

 6404R4K2TiTor3Ts
A =20 [RPo(r1 +T2)(r3 +14) +4a(r1 = 13)(r2 — 14) | + 2R2 [66(28 = 0%) — a] (r1 = r2)(r3 = )
+ 2iR{ <2qRe(s+) + Im(p+)> [R(m —12)(r3 —14) — 20 (vir4 — t2r3 + 4ar3r4)]
+ gk [r1 (R*r3 — kora) — ra(kor3 — R%rg) — 802r3r4]},
I'=40R(MTy —bx4), F=M4q+iz)x —iZ, X =—40R(QTy +2Qx+), I'o=Rx— —20xs+2x1+,
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G =27+ SUZ{R[Z(Re(a) —2]00?) + QZKO](rlrz — r314) + 2iqR2Ko (273 + T174) + Zi[le(a) +Qé& - 4q|q0|2]
x (r1 —r3)(r; — r4)} - 4R2{0 [2a —(R—- 20)(2(R +2iq)s+ + p+)] +i (Qéo +2Qboko — 4q|qo|2) ](n —13)(r3 —T14)
+20R {4R<2KOA — Re(a)>r4 i [Q(4q0 T QR + 4R|q0|2](r3 + r4)}(r1 — 1)

+ 20R{4R<2K0A - Re(a))r2 — [Q(4q0 — QR)K, — 4R|q0|2](r1 + rz)}(rg —14) +4MO R (Ko X+ + 2R x1- + 40 xp)

— 4boR(R)_ + 20 xs) — 8 R(Qb + ZMQ)[Zqo(t1 —tytt3—ta) + QKo(r — T2 — 13+ r4)],
I:A[4o*2(r1 —13)(ry —14) — R2(r1 — 12)(r3 — r4)] + Rk_ [B+/<0r1 - B_th]r4 + Rk [B_Korz — B+Rt1]r3

- 1602R[[M(R +20) (ks +2QR) — B+qo]r3r4 — Riko(2MQ + Qb)] +8QOR(X14 + 0 xs)

+ 26R[Q(2R2 —8A +1K,) + 8ti]x+ +120R2Qx— +8QoR(RX1— + 20 Xp),
X£=S4t1 —S_t2E(S_13—5414), Y1x=Pp4t1+p-t2E(P-_t3+Pitg), Xs=S4t1+S_t2+5_13+5;14,
Xp=D+t1—P-t2+P_v3—pyta, a=(R+2qps —si[st — (R+2i9)°], b=—-2go(Q/M)+i(s — 4Mq),
A= 4M[(2Q +QR- 20))5+ + 2Qp+] + B+[Q(R2 —4A) —2(R+ 2iq)qo], Ki=2qo — Q(RE20), ko=R*— 402,
By= [Rsi +p++2Q(25+ QR+ 2o))]/M, px =—0(R* —4A) £i[2M5 + 4b,Q — (R + 2ig)Im(s)],

st =2A+0R+iq(R£20), & :4Q[M8+2on +q(A —02)] — (2by +qQ)(R* —4A), Q=qo +2iqQ,

t14=(R—-20)r14, ©3=(R+20)r3, T1,2=\/,02+(Z—R/2¢0)2, T3,4=\/,02+(Z+R/2¢0)2, (5)

where r;, = /02 + (z — ay)? are the distances from the value oy, defining the location of the source to any point (p,z) outside the
symmetry axis as shown in Fig. 1. On the other hand, it is necessary to impose the next axis condition

a)(p 0,7 < Re(az)) —o, (6)

with the aim to disconnect the region in between sources. Once is used the metric function @ from Eq. (5) such a condition can be
represented by a very simple quadratic equation for solving

8qPob? + 2Pg(2Q by + M3)(R? — 4A) — [245, — (R + 2M)3](R? — 4A)? +4q{(Po = 250)[2q§(1 —2(Q/M)*) - 82]
+4soq3,] —0,
Po=(R+2M)* +4q°, so=M(R+2M) - Q% (7)

On the other hand, Eq. (5) permits us to calculate the physical Komar parameters [11] for BHs via the amended Tomimatsu formulae
[10,12]

1 s 1 1
My :—g/w‘l{deDdZ—MAs Qu= E/‘”A%,zd(ﬁdz» By = E/wA4_ngodz,
i H H
Hpgs

1 wW ~ w™'M
]H=—§/a)[1+TZ—A3A§’Z:|d<de— > A (8)
H

where w! is the constant value for @ at the horizon while A3 = A3 + wAj, being A3 the magnetic potential obtainable from the real part
of &, in the following way:

T
A3z =Re(dPy) = —4qA4 — zAS + Im(ﬁ) (9)

Furthermore A4 = —Re(®), and Mf‘ is a boundary term related to the presence of the DS connecting the BHs that is computed by
virtue of

1
M3 = ~ i /(A’3A3),Zd(pdz. (10)
H

The expressions contained in Eq. (8) can be rearranged to derive the Smarr formula [9] for the horizon mass of each BH [12],

_ kS Hpy _ H
MH—4JT+ZQJH+¢EQH—G+291H+®EQH, (11)
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Fig. 1. Identical Kerr-Newman-type sources on the symmetry axis: (a) BHs for o2 > 0; (b) hyperextreme sources if ¢ — io (or 6% < 0); (c) extreme BHs where o = 0.

where Q = 1/w" is the angular velocity and & = —Af — QA? is the electric potential evaluated on the horizon. It is worth noting that
we have written down the formula for the mass Eq. (11) with two different aspects since the area of the horizon S and surface gravity «
are related to the half-length horizon o by means of [10,27]

5=4”To, K =/ —Q2e—2r" (12)

where Y is the value acquired by the metric function y over the horizon. Due to the fact that each thin rod representing the BH horizon
in Fig. 1(a) contains the same length, without loss of generality, it is possible to calculate the Komar parameters by means of the values
H={—-0<z—R/2<0,0<¢ <2m, p— 0}, that define the upper BH. After using the Ernst potentials and metric functions derived in
Ref. [18], the horizon mass My and electromagnetic charge Qy + iBy assume the form

24o(Q /M)PoR(R* — 4A)

My =M + - M3,

[(R +2M)(R2 — 4A) — 4q5]2 +644%q5(Q /M)?

Po(go + ibo) +iQ (q(R2 —4A) + (R+2M)[5 + Ziqo(Q/M)])
(R+2M)(RZ — 4A) — 4[5 + 2igo(Q /M) ]

whereas the lower BH defines its corresponding horizon mass once is performed the change q, — —q, in Eq. (13), while its electromag-
netic charge is 2Q — Qg — iBy. In Ref. [18], the axis condition Eq. (7) has been combined together with Eq. (13) in order to derive two
corotating electrically charged models; i.e., two binary systems of equal corotating Kerr-Newman BHs endowed with identical or opposite
electric charges and separated by a massless strut, in which a DS binding the BHs does not exist since the absence of individual magnetic
charges was also established. However, the contribution of the DS into the horizon mass might be considered if By # 0, where after
setting g, = 0 in Eqs. (7) and (13) eventually one gets the result

Qu+iBy=Q +2

, (13)

_ 2(R* —4A)[MgPo + (R +2M)7] A (R* —4A)((29Qn — BuR)Po +4QyT)
~ (R2+2MR +4q>)Po+8qr T 2[(R2 +2MR + 4q%) Py + 8q7]
T=q(Qj —B}) —BuQu(R+2M), Q=Qu. (14)

that permits the description of a two-body system of corotating dyonic BHs connected by a DS, where the upper and lower constituents
have electromagnetic charges equal to Qy + iBy and Qy — iBy respectively. Lengthy calculations eventually give us simple expressions
for M3, @4, and Q, namely

Byl —QpgM v QH(R+20)L—2bgM 2q eM
M3 =Bpe| ——— ], o= , Q=4 "
A ”( £2 4+ M2 ) L2+ M2 Po | 21 M2
PoR(R? — 4A
oR( ) L=MR+2A+(R+2M)a, M=35+qR+20). (15)

€= ,
(R?2 +2MR +4q°%)Po + 8q7
A second model emerges immediately from Eqgs. (7) and (13) by doing first Q = 0, to obtain

 2q(R? — 4A1)[MPy — |QI*(R + 2M)] 3 QR(R? —4A1)Po
(R? 4+ 2MR +4q?)Po — 8¢2|Q2 ° 2[(R2+2MR +4q2)Po—8q2|Q|2]’
Ay=M*—¢*,  Q=Qu+iBy, |QP=Q}+B%, (16)

thus having a binary system that contains opposite electromagnetic charges, where now it is possible to get

4
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boN—QOM 2qQH QON—boM 2q 2(qo/QH)M
M3 =2B - , o =10 o' 7 Q=2 S/ X7
A H( N2 M2 Po Yy VP Po T A2 M2
N =MR +2A1 + (R +2M)o. (17)

In both models, it should be observed the contribution of the DS via the magnetic charge By, where regardless of which one may be
considered, the upper and lower dyonic BHs are equipped with a magnetic charge By and —Bpy respectively. That each source carries a
magnetic charge of opposite sign is one of the main characteristics of dyonic binary BH models joined by a DS, when the global monopolar
magnetic charge has been eliminated from the configuration [18]. It is important to comment that both dyonic BHs having a DS in between
sources will satisfy the Smarr formula Eq. (11), in which their horizon mass is My =M — Mf‘.

2.1. Physical meaning of the DS into the horizon mass

At this point, we would like to discuss a little bit on some physical implications of Mf‘ within the Smarr formula. As has been
recently proved by Clément and Gal'tsov [12], the correctness of Tomimatsu's formulas fails at the moment of including magnetic charges,
due mainly to the fact that the horizon mass My in Tomimatsu’s approach does not contain the extra component qu. For that reason
Tomimatsu’s expression for the horizon mass is determined by [10]

My=0+2QJn + o8 Qu + M3, (18)

which looks different than the one displayed in Eq. (11). However, if we want to consider the contribution of the DS provided by the extra
term Mi into the horizon mass we need to include a constant' in the magnetic potential, namely

A3new = KO + A3: (19)

and it creates changes in the terms M f, and CD? in the form

1
S S H H H H
Miinew =~ 53—~ /(AgAgnew),zdwdz =Mj — KoQQy, o, =-A—all =l —KQ. (20)
H

In order to explain how this constant might be used, and with the purpose to amend the discrepancy committed in [13-15], we are
going to appeal first to the results of the paper [14] concerning to an oppositely electromagnetic charged two-body system of identical
counterrotating BHs, where its thermodynamical properties were explicitly calculated; they read

M5 =By(Buo" —Qu),  @f =Quo" — By,

iy (R+20)/X—1 ¢H_/L R+20 —(R-2M)X
" 2 M[R+20 —(R—-2M)X] — u|Q)?’ "~ 2 M[R+20 —(R—-2M)X]— u|Q]?’
R? R —-2M
o=,/X(M2-|Q|? —(1-X), =—), 21
/( |Q|M)+4( T Iy (21)
where X is an auxiliary variable defined as
_ 9z + b (22)
(R/2—M)*(QZ + B2)’
which in the lack of rotation turns out to be equal to the unit. Due to the fact that the mass formula Eq. (11) now takes the form
My =M — M3, =0 +2QJy + @5 . Qu, (23)
it is quite natural to deduce from Eqgs. (20)-(21) that Ko may be chosen as Ko = —By. Therefore, Eq. (23) is further simplified as follows
My =M - B4oM =0 +2Q )y + QoM. (24)
The substitution of o from Eq. (21) into Eq. (24) allows us to obtain
472
X=1+ o (25)

[M(R £ 2M) + |QI2]

thus having the explicit form of o

(26)

o= |Mm2— <|Q|2+ J%[(R+2M)2+4|Q|2]> R—2M

[M(R+2M) +|QP]* ) R+2M

1 This constant gives a symmetric weight for each DS joined to the BH, providing a balance of mass and angular momentum. For a single dyonic Kerr-Newman BH the
magnetic potential might be written as Aspew = Ko + By (1 — y) —a(1 — y?)A4, where a = J;/M and (x, y) are prolate coordinates. The choice Ko = —By is equivalent to
carry out C =0 as was done in Ref. [12].
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Notice that there is a distinction between the horizon mass My and the parameter M as has been pointed out earlier by Clément
and Gal'tsov [12]; both are identical only whether the boundary term M3 is killed due mainly to the fact that magnetic charges are not
present. So, we have that in the limit R — oo, the horizon mass My behaves as

o _B2sH| = M — B2 Mto
M = lim [M —Bj" | = M P M+ o)+ (/M2
o =\/M? - QP — J3/M2, o

recovering the expression for one isolated dyonic Kerr-Newman BH joined to a DS [12]. In this counterrotating sector, Jy defines half of
the total angular momentum of the system since it does not contain an extra contribution coming from the DS. On the other hand, the
addition of the same constant Ky = —By in the first corotating model with identical electric charge produces

v —p.(_BHeL . 2aQu o _ Qu(R+20)L— (b —Bue)M . 24Bn
Anew = PR\ 22T TRy ) Enew L2+ M? Po ’

)
JH=2MCI—5—QHBH, (28)

while its addition in the one carrying opposite electromagnetic charges generates the result

bo N qQu qoN qBy
S _ 0 H _ ]
Minew _ZBH(NZ a2 p ) Teew =2\ 32t )

)
]H=2MCI—5, (29)

where it can be checked straightforwardly from these corotating models that Eq. (27) is recovered at an infinite separation distance,
where q = Jy /M. The reader should further note that in the binary system with identical charge, Jy equates the half of the total angular
momentum only at large distances.

It should be mentioned here, that contrary to the statement provided by the authors in Ref. [19], there is no need to add any constant
to the magnetic potential A3 when a DR procedure has been applied to include the magnetic charge inside the Kerr-Newman solution.
These authors [19] have combined two approaches; the DR studied many years ago by Carter [7] and the addition of a constant in
the magnetic potential As,”> with the objective to prove the correctness of Tomimatsu’s formulas in the presence of both electric and
magnetic charges. However, their procedure cannot be correct since there was an error in such formulas that might lead to physical and
mathematical inconsistencies. To prove the last statement on the no need of adding a constant in As, for simplicity and without loss of
generality one might use once again the expressions of Eq. (21)° after eliminating the magnetic charge, thus having

M =0,  of =Que",

g M (R+20)v/X =1 ¢H_M R+20 —(R—-2M)X
2 M[R+20 — (R—2M)X] — nQ?%’ 2 M[R+20 —(R—2M)X]— nQ?%’
RZ
o= |X(M2- QE;M)+I(1 - X), (30)
where now the mass formula Eq. (11) reads
My=M=042Q]Ju + Q™. (31)

Then we have that a DR procedure (Qy — Qy + iBy and Qf, — Qf, + B%{) extends the conventional mass formula by adding the
magnetic charge as a fourth conserved parameter as follows
My =0 +2Q]Jy + @F; Qu + PhacBH.
O =Quo".  Pyac=Buo". (32)

with o having the same aspect as shown in Eq. (26), but the main distinction is that the parameter M is now representing the horizon
mass My. Hence, no DS exists in between BHs.

An heuristic point of view on the electromagnetic charge conservation is reached by killing first the magnetic charge with the condition
[10]

1 1
E/a)A“d(pdz:—E/Ag,qu)dz:o, (33)
H H

2 The constant value agrees with Ko = —By (bg = —B in [19]). However, a constant must be added to A3 only when the contribution of the DS into the horizon mass
should be taken into account [12].
3 These formulas were obtained in Ref. [14] without adding a constant in the magnetic potential As.

6
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which means that both potentials A4 and A3 will take the same value in the limits defining the BH horizon. Therefore, the DS joined to
the BH is eliminated, and later on, the DR & — ®e'* is applied, where the real and imaginary components of the new potential ®e'® take
the aspect

By
QH

whereby « = arctan(By/Qpy). Observe that the case By = 0 recovers the original potential ®. Thus, we write the electric and magnetic
charges as follows:

Agnew = Ag +

3new — —

B
A, g Q—ZA4 + AL, (34)

1 1
QHnew = E / wAg}new,z d("dZ, BHHEW = E /a)A:lnew’zd(pdzv (35)
H H

after the substitution of Eq. (34) into Eq. (35) it is possible to restore the contribution of the magnetic charge, namely

1 By

Q :—/w(——A +A/> dodz = Q.

Hnew 47TH Qn 4 3 . @ H
1 By B

Bmw=4n[w0“+d?QJW“:QHQ£>:“' 6)

The same idea depicted above can be worked out in order to prove that My and Jy are also conserved parameters under a DR, where
we have that the new horizon mass and angular momentum assume the form

B
S S H
MHnew =M — MAnew =M — MA + 4 QH /(A4A3),zd(pdz,
H
1 oV, - ot M5,
]Hnew = _g / w |:1 + 2 2 A3A/3new,zi| d(DdZ - %7 (37)
H

where Mypew = My =M and Jynpew = Jy once Eq. (33) is fulfilled to eliminate the DS. We now turn our attention to consider a DR in
the solution [18] in order to derive two corotating dyonic binary BH models with no DS in between.

2.2. Corotating dyonic BHs endowed with identical electromagnetic charges

An absence of magnetic charge (By = 0) in Eq. (14) derives the following result

5 _ 20(R —4A)[MPo + Qi (R +2M)] _ 9Qu(R* —44)(Po +2Q})
T (R2+2MR+44®)Po+8¢2Q% ~ ° (R2+2MR+4q?)Po +8¢2Q2’

(38)

where the extra term Mf‘ has been eliminated and for such a reason My = M. In this respect, the DR can be performed by doing only the
following changes Qg — Qg +iBy and QI%, — QEI + Bf_, in the Ernst potentials on the symmetry axis given above in Eq. (4). The result is

£0.2) = 22—2(M+1:q)z+2A0—R2/4—02+1:8! ©0,2)= _ 2Qz+40) _ (39)
z24+2(M —iq)z+2Ay — R2/4 — 02 —i8 z24+2(M —iq)z+2Ay — R%2/4— 02 —i§
with
2q(R? —4A,)[MPo + | QI*(R + 2M)] iqQ(R* — 4A,)(Po +2|QJ%)
~ " (R2+2MR +49?)Pg + 842|107 °~ T (RZ+2MR +4q2)Po + 8¢2| Q)2
Ao =M? — Q)7 — ¢%. (40)

It should be pointed out that this procedure has added the magnetic charge By as a fourth conserved parameter into the solution,
where now the electromagnetic charge obtainable from Eq. (13) is given by

Po(qo +ibo) +i(Qu + iBH)(q(R2 —4A0) + (R + 21\/1)5)
(R +2M)(R2 —4A,) — 495

which is identically satisfied by the set of variables expressed lines above in Eq. (40). Similar to the upper dyonic BH, the lower constituent
contains the same electromagnetic charge Qp + iBy. Once we have incorporated the magnetic charge By, it follows that the Ernst
potentials, Kinnersley potential ®,, and metric functions read

Qu+iBy=Qy +iBy +2

: (41)

A+T F AP — T 2 Im[(A-D)G — xT
p AT ol X g F o APSIPaR 4 -DG 7]
A-T A-T A-T |IA =T IAl= = |T1“+ x|

2 AP =T+ X

6404R4/<§r1 IaIr3rg ’
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A =20 [R¥o(r1 +T2)(r3 +T4) +4a(r1 = 13)(r2 —14) | + 2R2 [66(280 — 02) — a] (r1 = 2)(r3 — 1)
4 2iR{ (2qRe(s+) n Im(p_,_)) [R(n —t2)(r3 — 14) — 20 (v174 — tar3 + 4ar3r4)]
+ Ko [rl (R?r3 — kors) — 2 (kor3 — R%1g) — 802r3r4] },
F=40R(MTo—byy), F=(q+inx —iT, x=-40R(QTo+2Qxs), To=RX_ —20Xs+ 214,
G =221 + 802 { R [2(Re(a) —2q01%) + IQIZKO](rl Fy — r3ra) + 2iqR2Ko (rar3 + 1114) + Zi[RIm(a) + 0o — 44140 |2]
X (11 —r3)(r2 - r4)} — 4R? {o 20— (R —20) (2R + 2iq)s,. + p ) | +1 Qo + 210 o — 40196 ) }(n —r2)(rs —ra)
+ 2aR2{4(2ono - Re(a))m + 1912k + 4ld0 ] (r3 + m)}m —12)

+ 20R2{4<2K0A0 — Re(a))rz + 1017k + 4190 12] (11 + rz)}(r3 —14) +4MO R (Ko x4 + 2R x1- + 402 xp)
— 4bo R(RY— + 20 xs) — 80 R(Qb + ZMQ)[ZaO(q —tyf 3 —ta)+ Okolr1 — 12 — 3 + r4)],

T=A [402(r1 —13)(ry —14) — Rz(rl —12)(r3 — r4)] + RK_[B+K0r1 — B_th]r4 — Ry [B+Rt1 — B_Korz]r3
- 1602R[[M(R +20) (ks +20R) — B+qo]r3r4 — Rko(2MQ + Qb)} +8QOR(X14 + 0 Xs)

+ 2oR[Q(2R2 —8A, + o) + 8ti]X+ +120R2Qx_ +8Q0 R(R1_ +20 Xp).
X+ =5S4t1—S_taE(_t3—5414), X1+ =Pp4t1+p_t2E(P_t3+Pyt4), Xs=S4v1+S_t2+S5_t3+5414,
Xp=DP+t1 —P—ty+Pp_t3—Pita, a=(R+2iqps —si[sy — (R+2iq)?], b=i(6 —4Mq), ko =R*—40?,
A= 4M[(2Q +O(R - 20))s4 + 2Qp+] + B+[Q(R2 —4A,) —2(R + 2iq)qo], Ki=2qo — QR £ 20),
B, = [Rsi +ps +20(24, + OR + 20))]/1\/1, pi = —0(R* —4A,) % i[2M8 + 4iQF, — (R + 2ig)Im(s)],
Si=2Ag £OR+iq(RE20), & = 49[1\/15 —2iq00 + q(Ap — 02)] 1 Qigo — qQ)(R2 — 4A,), Q = qo + 2iq0,
t14=(R—20)r14, tv3=(R+20)r3, (42)

where the half-length parameter defining the BH horizon can be written as

4lqo|> — 82
=B — 43
? ° R2-4A, (43)

which explicitly is

402(R? = 400)[ [MPo + Q2R +2M)|* — |Q2(Po + 210112

o= |Ao+ 3 (44)
[(R? + 2MR + 44¢?)Po + 84¢2|Q|?]
In this case the components of the extended mass formula Eq. (32), Q and ¢! are given by

a— 2_q+ PoR(R? —4A,) ( M ) o — (R420)Lo — 2(bo/ Q)M

Po " (RZ+2MR +4q2)Pg + 82|02 \ 22+ M2) L3+ M? ’
Lo=MR+2A,+ (R+2M)o, (45)

and their combination with Eq.(44) defines the angular momentum from Eq. (32), to obtain
R? —4A,)[MPo + |Q]*(R +2M

I —amq— o)[MPo + QP (R +2M)] 46)

(R2+2MR +4q2)Pg + 842 Q|2

which is nothing less than half of the total angular momentum; i.e., 2Mq — §/2. In addition, we have that the area of the horizon S and

surface gravity « are expressed as
S o LI+ M

47 K  R(R+20)

The conical singularity (or strut) along the line keeping apart the BHs from overlapping presents an angular deficit A¢p = -8 F,

where the interaction force F is computed with the aid of the formula F = (e=7 — 1)/4 [17,28], being y; the constant value for the
metric function y in the axis region in between sources. The result is

(47)

8
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o L7 — 10 P — 44101 (Po — 84°) — 1647 QP2 [ (M(R +2M) — Q) Po — QI* 48
B (R2 — 4A0)P} ' (48)

The strut is massless because does not contribute to the total gravitational energy of the system. The force 7 — 0 at R — oo, where

Eqs. (44) and (46) permit us to recover the expression o = \/MZH —19Q)% - ]%/Mﬁ defining an isolated dyonic BH free of monopolar

sources. Moreover, not taking into account large separation distances, the lack of a conical singularity is achieved when F =0, and due
to the fact that the numerator of F is a bicubic equation in the variable g, in principle this task can be done analytically. This matter
clearly deserves further research in order to understand better the presence of ring singularities off the axis or other pathologies like
closed time-like curves.

We end this subsection, by mentioning that the aforementioned expression of the force Eq. (48) will contain a different aspect if the
DS is taken into account in the solution.

2.3. Corotating dyonic BHs endowed with opposite electromagnetic charges

The second charged model arises after setting By =0 in Eq. (16), thus having
_ 2q(R* —4A)[MPo — QA (R +2M)] B QuR(R* —4A1)Pg
- ) 0 — ’
(R? +2MR +49%)Po — 842 Q7 2[ (R + 2MR + 49 Po — 8¢2Q7 |

(49)

where now each BH contains an opposite electric charge. So, in this case the Ernst potentials on the symmetry axis after performing the
DR are written as

22 —2M+iq)z+2A1 —R?/4— 0% +i8 ©0,2) = 240

22 4+2(M —iq)z+2A1 —R2/4— 02 —i§’ T2 42(M —iq)z+2A1 — R2/4— 02 —i8
with § and g, having the same aspect as in Eq. (16), but now M = My since Mf‘ = 0. The electromagnetic charge derived from Eq. (13)
and satisfied by Eq. (16) reduces to

2(qo + ibo) Pg
(R+2M)(R2 —4A1) — 4q8°

It is worthwhile to mention, that the lower dyonic BH is endowed with opposite electromagnetic charge; i.e., —Qpy — iBy. Then, the
Ernst and Kinnersley potentials, as well as the metric functions, have now the form

£00,2)=

) (50)

Qy+iBy =

(51)

A+T F A% — |2 2 Im[(A—-D1)G — xZ
5= + , q)= X , CI>2=—7 f=M’ Cl)=4q+ [(2 )2 Xz]v
A-T A-T A-T |A —T| [Al* —T1% + x|
o2 [A]2 =12+ x?

640 4R4K2r11213r8

A =202 [Rzlco(n +12)(r3 +14) +4a(r; —13)(r2 — r4)] +2R? [Ko(zAl —0%) - a] (r1 —12)(r3 —14)
+ 2iR{ <2qRe(s+) n Im(p+)> [R(q —t3)(r3 — r4) — 20 (174 — tor3 + 40r3r4)]
+ qKko [n (R2r3 — KOT4) — 1 (KOT3 — R2T4) — 80’21‘31‘4]},
['=40RMT, —bxy), F=M@q+iz)x —iZ, x=-80Rqox+, To=Rx-—20xs+2x1+,

g =2zr+802{2R(Re<a) — 2100l?) (172 = 374) + 20aR%o (1273 + 117) + 2i[ RIM(@) — 410l |11 = r3)(r2 = )

—4R? (a [Za —(R— 2a)(2(R 4 2iq)ss + p+)] - 4iq|qo|2>(r1 — 1) (3 — r4)]
+ SURZ[(2K0A1 - Re(a))r4 + |q0|2(r3 + r4)](r1 —12)+ 80 Rz[(2K0A1 - Re(a))rz + |qo|2(r1 + rz)](rg —T4)

+40R{M[K0X+ +2Rx1— +40 Xp — 8lq0|2(t1 — 12 + 13 —t4)] —b(Rx_ +2(7Xs)}7

T =44, {A[402(r1 —r3)(ry —T4) — R2(ry — 12) (3 — r4)] + R[B+((R 4 20)rs — Rr3)t1 +B_ ((R —20)r3 — Rr4)r2]

- SGZR[(M(R 1+ 20)— B+)r3r4 — MRkO] +20R(X14 + 0 Xs) + 4igo Ry +3aR2X,}
X+ =5S+01 —S_t2 £ (513 —=5414), X1x=Pp4t1+Pp-t2E(P_t3+Pitg), Xs=S4+t1+S_t2+5_13+5;14,
Xp=DP+t1 —P—t2+Pp_t3—Pita, a=(R+2iqps —si[sy — (R+2iq)?], b=i(6—4Mq), ko =R*—40?,
A=2Ms; — (R+2iq)By, Bi=M(R=£20)+is, pi=—0(R*—4A1)£i[2M§— (R +2ig)Im(s1)],
s+ =2A1+0R+iq(R£20), ti4=(R—20)r4 t23=(R+20)r23, (52)
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with o having now the aspect

(R? = 4Ap)[[2a(MPo — |QP (R +2M))]* = (1QIRPo)?]

[(RZ 4+ 2MR + 4q?) Py — 84?|Q|?]
On the other hand, the thermodynamical properties of the extended Smarr formula Eq. (32) become
2 2 N S o N?4+M?
aolign, g KGN S o Ny o
Po N2 4+ M 4Tt Kk R(R+20)
where they define the angular momentum of the horizon in the way
q(R* —4A1)[MPo — |QI*(R +2M)
JHZZMCI_ 2 [ 2 2 2 ] (55)
(R%+2MR +4q“) Py — 89-| Q|
Moreover, it is not difficult to show that the interaction force is given by
#_ (M?Pg — 4q%|QI") (Po — 89%) + | QI*[R?Po — 49 (R — 4A1) | Po (56)

(R2 —4Aq)P}

It is noteworthy that if the DS is not absent in the solution, the interaction force looks the same as in Eq. (56), nonetheless M # My. In
the same manner as in the first case, the strut may be removed by solving another bicubic equation in terms of g. To finalize the section,
we mention that if By =0, all the physical and thermodynamical features in both models are reduced to those ones defining corotating
binary systems of identical Kerr-Newman BHs [18].

3. Concluding remarks

Following Carter’s approach [7], we have been able to apply a DR in two identical corotating Kerr-Newman binary BH models recently
studied in [18] with the purpose to add individual magnetic charges to each BH. Therefore, each corotating BH is endowed with iden-
tical/opposite electromagnetic charge in the first/second configuration and satisfying a generalized Smarr formula for dyonic BHs. These
models containing a conical singularity in between sources, are well represented by five physical arbitrary parameters {My, Jy, Qy, By, R}
and they will be useful to provide further analytical studies of some astrophysical phenomena like geodesics, quasinormal modes or lens-
ing and shadow effects in the context of binary BHs, among others. It is worth remarking that the DR approach describes configurations
free of DS joined to the BHs. On the other hand, we have also shown in both corotating dyonic models that the mass My, angular mo-
mentum [y, and electromagnetic charge Qy + iBy are conserved parameters under DR and there is no necessity to add a gauge in the
magnetic potential A3 as has been claimed in [19]. On the contrary, the addition of a gauge is only needed when the contribution of the
DS into the horizon mass My is introduced in order to balance each dyonic BH. In all the scenarios examined in this work, this gauge is
a constant of value Ko = —Bpy that leads us to the correct description of an isolated BH joined to a DS previously studied by Clément and
Gal'tsov [12].

We would like to point out that the metric for the extreme limit case (o = 0) of corotating dyonic BHs has not been considered here
since it can be easily derived from the formulas given in [18], where both electrically charged configurations were well defined. In fact, it
should be mentioned that both dyonic configurations satisfy the Gabach-Clement identity [29] for extreme BHs with struts, namely

T In)? + (41 Q} + 4m B 2

S ext

V1+4Fex =

where Scy and Fex define the horizon area and the force in the extreme case, respectively. Due to the fact that the expression of the
force contains the same aspect in both extreme and non-extreme configurations, because it does not depend on o. For instance, in the
identically electromagnetic charged model, we have that

) (57)

(MR +2A0)% + (8 + qR)?
R? ’
and the substitution of Eqs. (46), (48), and (58) into Eq. (57) yields

Sext =41 (58)

402 (R = 420)[ (MPo + |Q (R +2M))° = |Q12(Po + 21 Q22
AO+ 2 :09 (59)
[(R? + 2MR + 44?) Po + 84¢2|Q|?]

which is exactly the condition 0 =0 on Eq. (44) for extreme dyonic BHs. Furthermore, one may proceed in the same manner for the
oppositely dyonic charged configuration in order to derive once again the expression that arises from the condition 0 =0 imposed on
Eq. (53).
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