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In this paper, the decomposition of the Mahalanobis distance (MD) and the proportional contribution that each one of the p 

monitored variables has on the estimated Mahalanobis depth function (MDF) of the R-chart are determined. And because the 

p monitored variables are correlated each other, then the contributions are determined due to their variances and due to their 

covariances. On the other hand, since 1) the decomposition’s method of the Hotelling T2 chart, by decomposing MD, 

efficiently determines the contribution of each variable due to its variance and due to its covariance, and 2) because a direct 

relationship between MD and MDF exists, then in this paper the Hotelling T2 decomposition method is used to determine the 

proportional contribution that each one of the p monitored variables has on the observed MDF value when in the R-chart, an 

out of control is detected. A numerical application to a set of three non-normal variable behavior is also presented. 
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1. INTRODUCTION 

 

Nowadays products and processes are more complex and multifunctional with their functionality being determined by more 

than one correlated variables (p>1). Thus, the process performance has to be monitored by using a multivariate statistical 

process control (MSPC) technique, as those shown in the excellent review on MSPC given in Bersimis et al., (2007). However, 

because in MSPC an out-of-control signal is a realization on the real space pR , and because the p variables are correlated 

each other, then in MSPC in order to identify which of the p variables caused the out-of-control, a decomposition method has 

to be used. And in particular, due to the correlation among the p variables, the contribution that each one of the p variables 

has over the observed out-of-control value, has to be determined in contribution due to its variance and in contribution due 

to its covariance with the other p–1 variables. 

On the one hand, in practice depending on the statistical behavior of the p variables, the MSPC is classified as either 

parametric or nonparametric. In the parametric case, where the set of p variables follows a multivariate normal (MV-N) 

behavior, the Hotelling T2 chart (Hotelling, 1931) is widely used to monitor the processes. And because the Hotelling T2 chart 

is based on the Mahalanobis distance (MD) (Mahalanobis, 1936), then when the Hotelling T2 chart signals (an out-of-control 

value is detected), the estimated MD value which corresponds to the detected out-of-control value has to be decomposed. 

And although several methods had been proposed to decompose the MD function, among them, see Roy (1958), Murphy 

(1987), Doganaksoy et al., (1991), Hawkins (1991), Hawkins (1993), Mason et al., (1995), Mason et al., (1997), Timm et al.,  

(1996), Alvarez et al., (2007), Li et al., (2008), Mason et al., (2008), Alfaro et al., (2009) and Cedeño et al., (2012), only the 

Mason, Tracy and Young (MTY) method proposed by Mason et al., (1995), is the one that has been widely used. The MTY 

method let us decompose the observed MD value into two independent elements; the first one reflects the contribution of the 

variables due to their variances, and the second one reflects their contribution due to the covariance of each variable with the 

other p–1 variables. However, the main drawback of the MYT method is that its decomposition into p independent 

components is not unique. In fact, in its application there are p! (factorial) different non-independent partitions. Thus, when 

p is relatively high, to determine the p! decompositions are impractical.  

On the other hand, since in the recently proposed decomposition method for the Hotelling T2 chart given in Piña (2013), 

the decomposition of the estimated MD value is unique, and the sum of the decomposed MD values always holds with its 

estimated MD value, then in section 3.2 of this paper, the Piña decomposition method (PDM) is generalized to be used in the 

non-parametrical R-chart analysis. In particular, it is highlighted that the generalization of the PDM to the R-chart is direct 
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because 1) the R-chart is based on the Mahalanobis depth function (MDF), see Liu and Singh (1992 and 1993) and Liu (1995), 

which in turns is based on the MD function, and 2) because to decompose MD or MDF is equivalent each other (see section 

3.3). Additionally, it is important to mention that although the MDF is based on the MD function, nowadays the R-chart’s 

out-of-control signal is decomposed by using principal components (PC) analysis, see Maravelakis et al., (2002), Kourti and 

MacGregor (1996) and Zertuche et al., (2008). However, because a PC is a projection of the original variables, and since in 

PC analysis only the first k (k<p) significant PC variables are used to represent the system, then this strategy presents some 

drawbacks. Firstly, due to the correlation among the p variables, the variance and covariance effects of the p variables are 

nested (or confused), and as a consequence, the multicollinearity phenomenon exists, see Piña (2011). Secondly, as Bersimis 

et al., (2007), p. 535 mentions, the PC components do not always lead by themselves to a physical interpretation of the 

analyzed process, and thirdly, the k (k<p) variables do not always represent the process. Thus, the methods based on PC do 

not identify the contribution that each variable has to the estimated MDF value due to its variance and due to its covariance, 

as the PDM does. The structure of the paper is as follows. Section 2 presents the theoretical background of the MSPC, the 

Hotelling T2 chart, and the R-chart on which the proposed method is based. In section 3, the formulation of the proposed 

decomposition R-chart method is presented. Section 4 presents the conclusions. Finally, the paper ends in section 5 with the 

references. 

 

2. THEORETICAL BACKGROUND 

 

This section is structured to present the MSPC, the Hotelling T2 chart and the R-chart background on which the PDM is 

generalized to be used in the R-chart. The MSPC generalities are as follow. 

 

2.1 Multivariate Statistical Control Process (MSPC) Generalities 
 

The MSPC is a statistical tool used to monitor processes whose performance is determined by p (p>1) correlated variables. 

And because each one of the p variables can follow either a normal or non-normal behavior, then the MSPC is also classified 

as a parametrical or as a non-parametrical MSPC.  In the parametrical MSPC case, all the p variables have to fallow a normal 

behavior. Thus, the parametrical MSPC is analyzed by using the MV-N distribution. In this parametrical case, the Hotelling 

T2 chart (Hotelling, 1947) is widely used to monitor the MV-N processes. In contrast, if at least one of the p correlated 

variables do not follow a normal distribution, then the non-parametrical MSPC, as it is the case of the R-chart, has to be used 

to monitor the process. And because in this paper we are focused only on the Hotelling T2 chart and on the R-chart, then 

readers interested on a review on MSPC, which includes among others the multivariate exponentially weighted moving 

average (MEWMA) chart, the multivariate cumulative sum (MCUSUM) chart, the Hotelling T2 chart, and the R-chart, are 

encouraged to consult Bersimis et al., (2007).  

On the other hand, it is important to highlight that in both the parametrical and non-parametrical MSPC cases, the 

monitoring process is performed in two phases. The objective in phase I consists on 1) to determine the average vector   

and the covariance matrix   that represent the population process parameters. And 2) to collect *15n p  conformant data 

(all data have to meet the customer specifications) to form the reference F distribution, which is used in phase II to monitor 

the process. 3) if the  and  parameters are unknown, then we estimate the process parameters from the collected reference 

F distribution data as 
1 2{ , ,..., }pY Y Y Y  and S  respectively. Thus, when the F distribution is being constructed, products which 

do not meet the specifications must be purged, and after that, they have to be replaced by a conformant one. Here it is too 

important to note that because all data of the F distribution meet the customer requirements, then by plotting them in an 

MSPC chart, all of them have to be inside of the control limits (see Fig.1). For details of phase I, see Piña (2013) p.402, and 

for a free distribution approach to monitoring the estimated Y and S parameters see Ching and Jyh (2015).  

On the other hand, in contrast to phase I where all collected data meet the customer requirements, in phase II the 

objective is to use the    and   (or the Y and S ) parameters of phase I to 1) determine the control limits of the MSPC 

chart, and 2) to use the estimated control limits to monitor the process. Therefore, because   and   (or Y and S ) are the 

key input parameters of phase II, then before using these parameters in phase II to determine if the monitored data is whether 

or not in control, their values have to be validated as it is made in step 3 of section 3.4. For details of phase II see Piña (2013) 

p.403.  

Finally, it is important to highlight that because in MSPC an out-of-control signal is generated by the p correlated 

variables, then in order to determine 1) the contribution that each one of the p variables has on the out-of-control value, and 

2) to determine if the out-of-control value was generated by the variable’s variance or by their covariance (or by both), then 

in MSPC a decomposition method has to be used. And because in this paper, the objective is to generalize the PDM (see sec. 
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3.3) to decompose the MDF of the R-chart, then before present its generalization, let first to present the Hotelling T2 

generalities on which the PDM was formulated.  

 

2.2 Hotelling T2 Chart Generalities 
 

The Hotelling T2 chart proposed by Hotelling (1947), is the MSPC chart used to monitor a MV-N process. Thus, because in 

a MV-N process each one of the p monitored variables follow a normal distribution, then the set of the p monitored variables 

follows the MV-N distribution (Alvin, 2002) given by  
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with parameters; average vector 1 2{ , ,..., }p     and covariance matrix  . And because the exponent in Eq.(1) is the 

MD function, then in the Hotelling T2 chart when both   and   are known, the MD population form given by  

 

   1'i iMD Y Y                                                                                                                                                  (2) 

 

is used to measure the outlying that a single measurement (signal) of the p correlated characteristics is from its expected 

center value  . However, when   and   are unknown, we replace them in Eq.(2) with the sample Y  and S  parameters 

estimated from the collected reference F distribution of phase I. Hence the sample MD function is given by 

 

   1'i iMD Y Y S Y Y                                                                                                                                                 (3) 

 

Therefore, based on Eq.(3), the T2 statistic used in the Hotelling T2 chart to monitor the process is given by 

 

   2 1'i iT Y Y S Y Y                                                                                                                                                   (4) 

 

And because in Eq.(4) the T2 statistic follows an F-distribution with p and (n-p) degrees of freedom (Richard and Dean, 

2002), then the control limits of the Hotelling T2 chart are 
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Finally, when in the Hotelling T2 chart an out-of-control value is detected, its corresponding T2 (or equivalently its MD) 

value is decomposed as a linear combination of the p analyzed variables by using the PDM (see Piña, 2013). However, 

because in this paper, the PDM will be generalized to be used in the R-chart, then before present it, let first present the R-

chart generalities. 

 

2.3 R-Chart Generalities 
 

The R-chart is the MSCP chart which is used when at least one of the p monitored variable does not follow a normal 

distribution. Hence the R-chart as it was proposed by Regina Liu (Liu, 1995), is a non-parametric quality tool used to 

individually monitoring correlated multivariate data. Doing this, first each multivariate and correlated measurement is 

reduced to a univariate one. This univariate measurement in the R-chart is represented by its rank ( )ir X . The rank ( )ir X  in 

the R-chart is induced by its estimated data depth, which is determined by using the MDF (Liu, 1995). The MDF in its 

population and sample form are respectively given by 
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From Eq.(7) and Eq.(8), it is highlighted that in contrast with the MD function defined in Eqs.(2-4), the MDF function 

is a bounded function with support in [0,1] (Liu, 1995). And as a consequence of this [0,1] interval, the MDF follows a 

uniform distribution. Thus based on this fact, its induced ordered rank ( )ir X  used to monitor the process in the R-chart is 

formulated as follows. 

 

2.4 Ordered Rank Formulation 

 

The rank statistic ( )ir X  used in the R-chart to monitor the processes is based on the fact that the MDF is a monotonous 

continuous function with support in [0,1]. Thus as Liu (1995) demonstrated, the MDF provides an ordering rank of all points 

from the center of the underlying distribution outward. And because as demonstrated by Yijun and Serfling (2000)  p.471, 

the MDF holds with the properties affine invariant, (the measurement of the depth of a point 
py R  should neither depend 

on the underlying coordinate system nor on the scale of the underlying measurements), maximality at center, (its maximum 

value attains at the center  ), and monotonicity relative to the deepest point (as a point 
py R  moves away from the deepest 

point, the depth function should decrease monotonically and approaches to zero as y approaches to infinity), then the MDF 

values efficiently induces the individual rank measurements which are used to monitor the p correlated variables in the non-

parametrical R-chart. The induced rank ( )ir X data is determined by labeling the monitored depth data ( )jXMDF of phase II  

with respect to the reference ( )jYMDF  ordered depth data of the F distribution constructed in phase I. Here remember, because 

the F distribution is taken as the reference data, then ( )jYMDF  is also used as the reference data to determine the 

corresponding induced rank ( )ir X data which  is given by 
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In Eq.(9) n is the sample size used to construct the reference F distribution in phase I and ( )jXMDF  is the depth value 

of the corresponding jX  element of the m monitored data here labeled as the G  ( )jX G  distribution. And ( )jYMDF  is the 

ordered depth value of the corresponding jY  elements of the reference F  ( jY F ) distribution. Also note from Eq.(9) that 

both ( )jXMDF  and ( )jYMDF  are estimated by using Eq.(7) if the population parameters   and   are known and that they 

are estimated by using Eq.(8) if the population parameters are unknown. On the other hand, due to the correlation among the 

p variables, then when in the R-chart an out-of-control ( )ir X value is detected, a decomposition method has to be used to 

decompose the observed out-of-control value in contribution due to the variance and in contribution due to the covariance of 

the p monitored variables. And because from Eqs.(7 and 8) the ( )jXMDF  function used to determine the ( )ir X  value, is 

based on the MD function, then in this paper, the PDM is generalized to decompose the ( )jXMDF  value which corresponds 

to the out-of-control ( )ir X  value of the R-chart. The proposed method is as follows. 

 

3. GENERALIZATION OF THE PDM TO THE R-CHART  

 

From Eqs.(7 and 8), a direct relationship between MDF and MD exists, and because the PDM efficiently decomposes MD, 

then the PDM is generalized to decompose the ( )jXMDF  value which corresponds to the out-of-control ( )ir X  value of the 
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R-chart. And in order to show how the ( )jXMDF  is decomposed, this section is structured to present the formulation of the 

R-chart’s control limits, the PDM formulation, the generalization of the PDM to the R-chart, the steps to construct an R-chart, 

and an application to a set of three non-normal variables. The formulation of the R-chart’s control limits is as follows.  

 

3.1 Control Limits of the R-chart 

 

The control limits of the R-chart are based on the fact that because the MDF defined in Eqs.(7 and 8) and its rank function 

defined in Eq.(9) both follow a uniform distribution with support in U[0,1], then the expected rank value is [ ( )] 0.5iE r X   

and as a consequence the center limit (CL) of the R-chart is CL=0.5. Similarly, because as was demonstrated in Liu (1995), 

larger ranks ( ) 0.5ir X   occur if and only if the spread of the process decreases, with perhaps a negligible location shift, then 

because lower spread and negligible location shift are desirable to the process, then the R-char has no upper control limit. 

Finally, according to Liu (1995) p.1383, in the R-chart the lower control limit (LCL) is given by the desired false alarm rate 

 , which generally is selected to be as LCL= 0.05  . Summarizing, the R-chart has no upper control limit, its central 

control limit is LCL=0.5, and although its recommended lower control limit is LCL= 0.05  , it can be any desired false 

alarm percentile   value. Finally, when in the R-chart an out-of-control signal is detected, it is decomposed by using the 

PDM, to determine the contribution that each one of the p monitored variables has on its value due to its variance and due to 

its covariance. The PDM is as follows. 

 

3.2 Piña Decomposition Method (PDM)  

 

In the PDM, the observed MD (T2 statistic) value is decomposed as a linear combination of the p analyzed variables as 

 

2 2

1 1

2  for i j
p p

j jj i j ijT MD X s X X r                                                                                                                         (10) 

 

where  j ij jX X X   is the corresponding centered element of the j-th variable. In Eq.(10) 
jjs  is the sample variance of 

the j-th variable, and 
ijr  is the covariance of the j-th variable with the other p-1 variables. From Eq.(10), clearly the 

contribution to the overall MD (T2 statistic) value of the j-th variable due to its covariance is given by: 
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which for any pair of variables can be computed as  
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Similarly, from Eq.(10), the contribution to the overall MD value of the j-th variable due to its variance is given by          

 

  
2

jcont j jjX X s .                                                                                                                                                                (13) 

 

Thus, from Eq.(12) and Eq.(13), the total contribution of each variable (  or )i jX X to the overall MD value is given by  

 

covj jcont j contX X X  .                                                                                                                                                   (14) 

 

And as a consequence, the contribution of all the p variables to the overall MD value is given by 
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Eq.(15) represents the PDM for which the estimated MD value and its decomposed contributions values always hold. 

Thus, because the MDF defined in Eqs.(7 and 8) is based on MD, then the PDM is generalized to be used in the R-chart as 

follows. 

 

3.3 Generalization of the PDM to the R-chart  

 

The generalization of the PDM defined in Eq.(15) to the R-chart is based in the fact that because in inherent form  MDF uses 

the MD function, then as a consequence a direct relationship between MDF and MD exists. This direct relationship is as 

follows. Based on the total contribution of each variable, as it is defined in Eq.(14) or Eq.(15), the estimated MD value is 

given by  
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 .                                                                                                                                                                (16) 

 

Thus, by rewriting the MDF function defined in Eq.(8) in terms of Eq.(16), we have that 
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is always lower than 1, then in order to efficiently (100%) to decompose MDF, Eq.(18) is rewritten as  
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Therefore, because from Eq.(16) the proportional contribution that each jX variable has on the estimated MD value is 

given by 
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which implies the total contribution of the p variables is 
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Then we conclude that to decompose either MD or MDF is equivalent. Seeing this, let rewrite Eq.(19) as  
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Thus, because Eq.(21) and Eq.(22) are equivalent each other, then clearly to decompose MD or MDF is equivalent. 

Finally, the proportional contribution that each variable has on the estimated MDF value is given by 

 

*jprop jTpconX X MDF .                                                                                                                                              (23)  

 

Now let present the steps to construct and to perform an R-chart.  

 

3.4 Steps to Construct and to Perform an R-chart 

 

Since the R-chart is applied when the set of the p variables does not follow an MV-N behavior, then in order to construct the 

R-chart, we first have to determine if the p variables whether follows or not an MV-N behavior. Here, this is done by using 

the multivariate Henze-Zirkler test (Henze and Zirkler, 1990). This test is incorporated in Mathlab®  R2011b as HZmvntest 

(x, alfa). Thus, the steps to construct and to apply the R-chart to monitor a multivariate process are: 

 

Step 1. Collect the process data. Here first determine both, the set of p continuous and correlated significant variables

1 2( , ,..., )pY Y Y  to be monitored, and estimate its population mean vector 1 2{ , ,..., }p     and covariance matrix 

. Second, collect *15n p  conformant data (if ( *15n p )<100, collecting at least 100 conformant data is 

recommended) to form the reference F distribution. Third, if   and   are unknown, then from the collected n data 

of the F distribution, determine the corresponding average vector 1 2{ , ,..., }pY Y Y Y  and the sample covariance matrix

S .  

 

Step 2. Check for MV-N behavior. Here perform the Henze Zircler test to the collected data of step 1 [in Matlab it is done 

as HZmvntest (x, alfa)], and if data follow an MV-N behavior apply the Hotelling T2 chart as in Piña (2013). On the 

other hand, if data does not follow an MV-N behavior then proceed as in step 3. 

 

Step 3. If the MV-N behavior does not exist, then by using the   and   parameters of step 1 in Eq.(7) (or the Y and S

parameters of step 1 in Eq.(8)), determine the reference
 iY

MDF value to each one of the  ;  i=1,2,...,niY  elements of 

the F distribution constructed in step 1. Then after the n 
 iY

MDF  values had been already estimated, sort them in 

ascendant form. This ascendant 
 iY

MDF  ordered values represent the reference values at which the monitored 

 iX
MDF values of phase II will be ranked. However before used the 

 iY
MDF  values in the monitoring process, first 

make you sure the lower ordered 
 iY

MDF  value is greater than the used false rate α, here α=0.05 is used 

  0.05
iY

MDF  . This implies that 1) if a 
  0.05

iY
MDF   value exists it has to be purged and replaced with a new one, 

and 2) if we are using the Y and S  parameters to determine the 
 iY

MDF  values, then once the  
  0.05

iY
MDF   value 

is replaced by a conformant one, the Y and S  parameters of step 1 have to be estimated again. Also, note that this 

step has to be repeated until the lower 
 iY

MDF  value will be greater than the used α value. Finally, note because all 

the 
 iY

MDF  values are greater than α, then if they are plotted in an R-chart, none of them are below of the lower 

control limit. 

 

Step 4. Monitor the process and determine their corresponding 
 iX

MDF  values. Doing this, collect from the process a set of 

m products (i=1,2,…,m) and for each one of the collected products, determine the 
jX  measurements which 

correspond to the p monitored variables (j=1,2,…,p). These mxp measurements of the m products form the monitored 

continuous distribution G. Then by using the jX  measurements of each product and the known   and   

parameters of step 1 in Eq.(7), (or by using the jX  measurements of each product and the estimated Y and S

parameters of step 1 in Eq.(8)), determine their corresponding depth  iX
MDF  values. 
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Step 5. Determine the rank ( )ir X values which correspond to the monitored  iX
MDF  values of step 4. Doing this, by using 

in Eq.(9) the  iX
MDF  values of step 4, and the ordered reference  iY

MDF  values of step 3, determine the 

corresponding ( )ir X  rank values to each one of the  iX
MDF  values of the G distribution of step 4.  

 

Step 6. Check for an out-of-control signal(s). Doing this, plot the estimated ( )ir X  ranks of step 6 in an R-chart plot with 

CL=0.5 and LCL= α (here α=0.05 is used).  

 

Step 7. For each observed out-of-control value, determine the contribution that each one of the p variables has on the 

estimated  iX
MDF  value due to its variance and due to its covariance. Then perform the following activities: 

A1) For each out of control signal determine its centered vector as   where 
jX   is the jth row of the 

monitored G distribution and jY  is the jth element of the mean vector 1 2{ , ,..., }pY Y Y Y  of the F distribution 

of step 1.  

 

A2) Determine the inverse of the covariance matrix S of step 1 as 1S  . Then by using the centered vector 

 of A1 and the corresponding diagonal elements (
jjs ) of the 

1S 
 matrix, determine the variance 

contribution of each one of the p  variables as follows.   

 

                                                                                                 (24) 

 

A3) Determine the covariance contribution of each one of the jX  variables with the other 1p  variables as 

follows 

 

                                                                    (25) 

 

In Eq.(25), 
ijr  is the corresponding out of the diagonal elements of the 

1S 
 matrix of A1.  

 

A4) Determine the total contribution of each one of the jX  variables as follows 

 

covjTcont jvcont j contX X X                                                                                                               (26) 

 

A5) By using Eq.(20) determine the proportion that each one of the p variables has over the detected out-of-control 

( )iXMDF value. 

 

A6) By using Eq.(23) determine the proportion that each variable has over the estimated MDF value.  

 

A7) Take action and correct the process, then continue monitoring the process.  

 

The application of the proposed method is as follows.   

 

3.5 Numerical Application 

 

In this section, the steps given in section 3.4 are used to numerically determine the proportion that each one of the p monitored 

variables has on the estimated MDF value. Doing this a set of 100 conformant data (phase I) of three non-normal variables 

(p=3) is used. Steps are as follows. 
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Step 1. Collect the process data. Here suppose the population parameters   and  are unknown. Also, suppose 100 

conformant measurements values were collected to construct the reference F distribution. Thus, since the R-chart is 

applied when data does not follow an MV-N distribution, then data was generated following a two-parameter 

Weibull distribution W(β, η) where β is the Weibull shape parameter, and η is the Weibull scale parameter. Data 

were generated by using the Weibull++ software routine as follows; a random set of 100 values for each one of the 

three variables 1Y , 2Y , and 3Y , was generated with Weibull parameters 1 (2,30)Y W , 2 (2,32)Y W  and 

3 (2,35)Y W respectively. Data is given in Table 1.  

 

From data of Table 1, the estimated average vector Y and the covariance matrix S are  

 

[28.350186  27.012524  33.145115]Y                      

218.854738 36.7103257 12.891229

270.749317 10.780954

338.200441

S

Sym

 
 

 
 
  

. 

 

Table 1. Non-Normal Data to R-chart 

 

 
 

Step 2. Check for MV-N behavior. By applying the nonparametric multivariate Henze-Zirkler test by using Mathlab®  

R2011b, we conclude data of Table 1 does not follow MV-N behavior. The Henze-Zirkler test results are given in 

Table 2.  

Table 1. Non Normal Data

No. Y1 Y2 Y3 No. Y1 Y2 Y3 No. Y1 Y2 Y3 No. Y1 Y2 Y3

1 43.8640 10.0494 33.1157 26 32.4801 17.1588 46.6231 51 43.7319 3.6033 21.1823 76 67.3737 66.0977 31.0451

2 26.2650 27.9573 61.9268 27 36.3008 19.6027 7.1347 52 40.9684 54.8082 21.5374 77 17.0418 16.4991 51.4294

3 10.6819 40.9290 52.3804 28 55.3878 5.7238 69.6335 53 32.7180 9.7179 41.4377 78 22.0765 48.3536 29.1045

4 21.2870 16.6687 8.1463 29 38.4896 37.4908 9.7581 54 33.7553 10.3044 34.2749 79 41.2681 16.7305 14.4449

5 19.8809 33.2707 30.6555 30 26.2484 43.7533 35.3334 55 25.4028 10.9298 23.6971 80 24.1916 2.4764 71.3878

6 14.9761 17.7642 38.6981 31 46.0915 32.5348 53.2886 56 52.6536 53.4061 13.7265 81 43.1579 29.8683 47.5383

7 11.5074 8.4100 24.7898 32 55.9161 40.9254 49.6362 57 17.0959 70.3467 14.8262 82 9.7300 19.2400 5.5050

8 42.7372 55.3353 21.3860 33 24.7075 25.8449 15.4058 58 24.2714 35.3896 47.1922 83 5.0324 2.6088 47.9323

9 13.9595 73.1556 76.0348 34 27.7981 42.7312 71.3045 59 12.9169 17.8995 30.6870 84 21.4039 2.1993 48.3945

10 21.7754 51.9827 27.6237 35 17.3796 12.2502 18.3954 60 18.9455 28.2305 34.9089 85 36.8481 19.6955 15.8172

11 20.0170 37.6447 74.3218 36 9.8233 32.1899 36.2559 61 49.5829 52.7012 24.4299 86 24.9993 29.8108 65.8987

12 30.6683 18.1314 15.8034 37 17.8899 5.5475 41.3209 62 30.6876 15.0500 30.4575 87 8.1575 35.3204 19.9059

13 1.9585 33.2475 32.3899 38 29.0605 21.1432 8.7047 63 5.6582 16.3089 17.6452 88 29.0943 20.4490 39.4786

14 34.5505 18.4945 59.5922 39 23.6911 61.2302 25.8783 64 27.2570 63.1206 23.3912 89 29.2487 6.4393 43.5499

15 19.3629 24.3424 65.7042 40 42.1966 28.0071 26.0839 65 23.9339 20.1540 30.9628 90 50.7453 43.8424 7.5473

16 17.9148 8.6084 24.1414 41 36.4545 36.2384 33.1884 66 25.0717 11.6396 43.1879 91 35.9559 31.6888 76.9695

17 14.3565 26.5591 13.1767 42 27.4647 25.2031 6.5683 67 26.3030 10.1967 27.9118 92 21.4835 30.4616 43.6526

18 30.8967 20.2957 12.2357 43 11.2996 21.2611 31.2990 68 33.1910 8.2672 31.3328 93 45.1344 30.2467 38.5232

19 43.0528 29.1823 14.7479 44 68.6678 12.3167 29.7939 69 24.2425 37.4854 13.0109 94 31.0069 23.1948 45.0889

20 32.8374 7.4563 32.3237 45 46.4753 15.2157 44.6967 70 35.0409 32.6236 10.7002 95 3.6266 30.9451 61.7411

21 12.8864 57.8727 5.7250 46 17.0357 22.3405 55.3367 71 46.4863 31.6622 43.4032 96 29.8396 22.3479 65.3039

22 68.6678 57.8671 12.7594 47 30.7515 25.3002 41.9358 72 42.1082 23.1356 13.8176 97 4.3065 17.5413 24.7333

23 25.1271 2.8157 28.7178 48 5.1723 19.2992 36.3460 73 50.9111 34.8608 46.2676 98 15.9923 6.9033 9.7309

24 24.4596 20.2257 10.9644 49 27.6552 36.1258 43.3015 74 42.9994 22.2937 28.2687 99 10.4957 28.7806 33.2900

25 4.8921 16.2747 14.3619 50 11.1145 48.9268 43.8018 75 25.1423 16.5281 11.4357 100 41.5974 25.9443 24.0576



Piña-Monarrez  R-chart’s Decomposition Method 

 

209 

 

Step 3. For data of Table 1, the estimated MD and its corresponding MDF values are given in Table 3. Similarly, the ordered 

reference  iY
MDF  values are given in Table 4. And because from Figure 1 we observe none of the  iY

MDF  values 

is below of the lower control limit, then we conclude the estimated Y and S parameters of step 1 can be used as the 

reference parameters to determine the 
 iX

MDF  values in step 4. 

 

                    Table 2. Henze Zirkler Test 

 

             
 

 

Table 3. MD and MDF Values for the F Distribution                 Table 4. MDF Values Ordered in Ascendant Order 

 

         
 

Step 4. Monitor the process and determine their corresponding  iX
MDF  values. Suppose a set of m=20 monitored data 

were collected from the process forming the G distribution. Data of the G distribution is given in Table 5. By using 

the estimated Y and S parameters of step 1 in Eq.(8), the estimated  iX
MDF  values were estimated. They are given 

in Table 5. 

 

Step 5. Determine the rank ( )ir X values for the monitored 
 iX

MDF  values. By using the  iX
MDF  values of Table 5, and the 

ordered reference  iY
MDF  values of Table 4 in Eq.(9), the corresponding ( )ir X  values were estimated. They are 

given in Table 6. As example observe from Table 5 and Table 6 that because the first ( )iXMDF  value of 

Table 2. Henze Zirkler Test

>> HZmvntest (x)

Henze-Zirkler's Multivariate Normality Test

Number of variables: 3

Sample size: 100

Henze-Zirkler lognormal mean: -0.3457931

Henze-Zirkler lognormal variance: 0.2004387

Henze-Zirkler statistic: 1.2581093

P-value associated to the Henze-Zirkler statistic: 0.0020477

With a given significance = 0.050

Data analyzed do not have a normal distribution.
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   Figure 1: R-chart for data of table 1 

No. β1 β2 β3 MD MDF

1 0.08333 -0.07392 0.00073 2.54666 0.28196

2 -0.00580 0.00767 0.08513 2.46940 0.28823

3 -0.08846 0.06561 0.05559 3.54535 0.22000

4 -0.03054 -0.03710 -0.07626 2.50599 0.28523

5 -0.04400 0.02876 -0.00812 0.57283 0.63580

6 -0.05595 -0.02604 0.01346 1.06378 0.48455

⁞ ⁞ ⁞ ⁞ ⁞ ⁞

95 -0.11375 0.03318 0.08128 5.26688 0.15957

96 0.01501 -0.01547 0.09517 3.15498 0.24068

97 -0.10800 -0.02152 -0.02967 3.05014 0.24691

98 -0.04895 -0.07056 -0.07335 3.74112 0.21092

99 -0.08472 0.01793 -0.00223 1.54400 0.39308

100 0.06128 -0.01325 -0.02496 1.05276 0.48715

Table 3. MD and MDF values for the F distribution

No. MDF(Yj) No. MDF(Yj) No. MDF(Yj)

1 0.0606004 34 0.2488208 68 0.3711028

2 0.08358 35 0.2521881 69 0.3766161

3 0.0869483 36 0.2550256 70 0.3896282

4 0.0911256 37 0.260234 71 0.3930813

5 0.0978766 38 0.2628319 72 0.3953323

6 0.0982705 39 0.2652589 73 0.3994464

⁞ ⁞ ⁞ ⁞ ⁞ ⁞

29 0.2267702 62 0.3506327 96 0.6556086

30 0.2274819 63 0.3516992 97 0.6950735

31 0.2348085 64 0.3627864 98 0.7787409

32 0.2406753 65 0.3655192 99 0.7835439

33 0.2469051 66 0.3666281 100 0.7991888

67 0.3698511

Table 4. MDF values ordered in ascendant order

Figure 1. R-chart for data of table 1 
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( ) 0.353069
iXMDF  , is lower than the 

64( ) 0.362786YMDF  value given in the 64th position in Table 4, then the rank 

position for the observed ( ) 0.353069
iXMDF   value is the 63rd position shown in Table 6. And as a consequence, its 

estimated rank is ( ) 63 /10 0.6 71 23 62ir X   .   

 

                              Table 5. Inspection Data of G Distribution                                  Table 6. Ranks for Inspection Data 

 

            
 

Step 6. Check for out of control signal(s). Doing this, plot the estimated ranks of Table 6 in an R-chart plot with CL=0.5 and 

LCL= α (here α=0.05 is used). From either Table 6 or Figure 2, we observe both points (18) and (20) are out-of-control. 

(0<0.05 and 0.0099<0.05), thus they have to be decomposed using the PDM. 

 

 
 

Figure 2. R-chart for Data of Table 6 

Table 5. Inspection Data of G Distribution

N0 X1 X2 X3 MD MDF(Xi)

1 32.131638 8.352540 44.568197 1.832307 0.353069

2 10.063616 15.112286 56.234013 3.222549 0.236824

3 40.110425 20.187769 45.442073 1.403057 0.416137

4 41.219875 25.401590 40.938592 1.021218 0.494751

5 22.656934 17.518479 14.851304 1.483967 0.402582

6 41.925949 41.170177 77.501325 7.527389 0.117269

7 35.823663 28.305373 29.679923 0.282328 0.779832

8 41.974178 3.098694 31.780081 3.448216 0.224809

9 10.955976 5.829699 15.970032 3.691017 0.213173

10 20.142285 3.574374 72.623529 6.492626 0.133465

11 42.550909 3.232862 29.029649 3.558806 0.219356

12 30.112347 5.720912 15.290890 2.785429 0.264171

13 26.483880 39.136333 9.724595 2.186631 0.313811

14 19.937034 5.559393 32.602439 1.850006 0.350876

15 9.620529 53.699166 29.057810 5.018332 0.166159

16 37.347524 58.150855 34.472662 3.711409 0.212251

17 38.798833 8.515620 56.819063 3.704658 0.212555

18 6.588778 96.316883 10.913508 23.604336 0.040643

19 20.661876 19.025483 35.911344 0.452635 0.688404

20 73.634527 15.553478 12.759351 11.739794 0.078494

Table 6. Ranks for Inspection Data

No. MDF (Xi) Rank r (Xi)

1 0.353069 63 0.623762

2 0.236824 31 0.306931

3 0.416137 75 0.742574

4 0.494751 87 0.861386

5 0.402582 74 0.732673

6 0.117269 7 0.069307

7 0.779832 98 0.970297

8 0.224809 28 0.277228

9 0.213173 25 0.247525

10 0.133465 8 0.079208

11 0.219356 26 0.257426

12 0.264171 38 0.376238

13 0.313811 49 0.485149

14 0.350876 62 0.613861

15 0.166159 14 0.138614

16 0.212251 25 0.247525

17 0.212555 25 0.247525

18 0.040643 0 0.000000

19 0.688404 96 0.950495

20 0.078494 1 0.009901

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

LCI=0.05

LC

Figure 2: R-Chart of data table 6
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Step 7. The decomposition of the observed  iX
MDF  value of the point (18) and point (20) in contribution due to their 

variances and in contribution due to their covariance is as follows. 

 

A1) The centered vector  for point (18) by using its observed values 

 (18) 6.58878,  96.316883,  10.913508  X  and the mean vector [28.350186  27.012524  33.145115]Y   is 

 (18)
ˆ 21.761409  69.304359  22.231606X    . 

For point (20) with  (20) 73.634527,  15.553478,  12.759351  X   it is 

 (20)
ˆ 45.284341  11.459046  20.385764X    . 

 

A2) From data of Table 1, 
1S 

 is 1

0.004684049 0.000628789 0.000158498

0.003782557 0.000096610

0.002965948

S

Sym



 
 


 
  

. Thus from Eq.(24), the 

variance contribution of the variables (18)1 (18)2 (18)3,  and XX X  to the point (18) are; 

2

(18)1( ) ( 21.761409) (0.004684049) 2.218173V X     
(18)2( ) 18.167975V X   and  

(18)3( ) 1.465903V X  . For point (20) 

the contribution of (20)1 (20)2 (20)3,  and XX X  are 2

(20)1( ) (45.284341) (0.004684049) 9.6054454V X   , 

(20)2( ) 0.4966865V X   and  
(20)3( ) 1.2325866V X  . 

 

A3) From Eq.(25) and the 
1S 

 matrix, the covariance contribution of the variables (18)1 (18)2 (18)3,  and XX X  is  

 
2 2

(18)1cov

2 2

{[( 21.761409) (69.304359)( 0.000628789) ( 21.761409)(69.304359) ( 0.000628789)] / [( 21.761409) (69.304359)]}

{[( 21.761409) (10.913508)(0.000158498) ( 21.761409)(10.913508) (0.000158498)

contX         

  

(18)1cov

] / [( 21.761409) (10.913508)]}

=1.024995contX

 
 

 

(18)2  0.799462cov contX   and 
(18)3  0.072172cov contX   .  

 

For point (20), the covariance contribution of the variables (20)1 (20)2 (20)3,  and XX X  are 

(20)1  0.1799709cov contX   
(20)2  0.3488566cov contX   and 

(20)3  0.1237491cov contX   . 

 

A4) For point (18) the total contribution of each one of the variables (18)1 (18)2 (18)3,  and XX X  are 

(18)1 2.218173 1.024995 3.243169TcontX    , 
(18)2 18.967438TcontX   and 

(18)3 1.393730TcontX  . 

For point (20), the total contribution of each one of the variable (20)1 (20)2 (20)3,  and XX X are 

(20)1 9.6054454 0.1799709 9.785415TcontX    , 
(20)2 0.845543TcontX   and 

(20)3 1.108836TcontX  . 

 

A5) By using Eq.(20), the proportion that each one of the (18)1 (18)2 (18)3,  and XX X  variables has over the observed 

23.604336MD   value in point (18) are  

 

(18)1

3.243169
0.137397

23.604336
TpcontX   , 

(18)2

18.96744
0.803557

23.604336
TpcontX    and 

(18)3

1.39373
0.059046

23.604336
TpcontX   .  

The proportion that each one of the (20)1 (20)2 (20)3,  and XX X  variables has over the observed 

11.739794MD  value in point (20) are (20)1

9.785415
0.833525

11.739794
TpcontX   , (20)2 0.072024TpcontX   and 

(20)3 0.094451TpcontX  . 
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A6) By using Eq.(23), the proportion that each variable (18)1 (18)2 (18)3,  and XX X  has over the estimated 

( ) 0.040643
iXMDF   value in point (18) are (18)1 0.040643*0.137397 0.005584TpcontX   , 

(18)2 0.032659TpcontX   and (18)3 0.0023998TpcontX  .  

For point (20) the proportion that each variable (20)1 (20)2 (20)3,  and XX X  has over the estimated 

( ) 0.078494
iXMDF   value are (20)1 0.078494*0.833525 0.065427TpcontX   , 

(20)2 0.005653TpcontX   and 

(20)3 0.0078494TpcontX  .  

 

A7) Because for point (18) the total contribution of the variable of 
(18)2 18.967438TcontX  estimated in A4 represents 

the biggest contribution of (18)2 0.803557TpcontX   estimated in A5, and because this total contribution is mainly 

due to its variance 
(18)2( ) 18.167975V X   estimated in A2, then the action to be taken should be to reduce its 

variance. Similarly for point (20), because the total contribution of the variable 1X  of 
(20)1 9.785415TcontX   

estimated in A4 represents the biggest contribution of (20)1 0.833525TpcontX   estimated in A5 and because this 

total contribution is mainly due to its variance 
(20)1( ) 9.6054454V X   estimated in A2, then the action should 

be to reduce its variance also. The summary of the above analysis is given in Table 7. 

 

Table 7. Decomposition Analysis for out-of-control Points (18) and (19) 

 

 
 

4. CONCLUSIONS 

 

In the MSPC analysis, the reference F distribution generated in phase I is used to determine the mean vector and the covariance 

matrix used in phase II to monitor the process. Thus, the F distribution has to be formed with only conformant data. On the 

other hand, in phase II, the collected data has to be taken directly from the process to test if the process is whether or not 

producing conformant parts. The PDM is used to decompose an out-of-control in either the Hotelling T2 chart and in the R-

Chart. And due to the direct relationship between MD and MDF, to decompose MD or MDF is equivalent each other. In 

particular, it is highlighted that in the PDM the observed out-of-control value and its decomposed values always holds. And 

that the PDM decomposes the out-of-control in contribution due to the variance and in contribution due to the covariance of 

each one of the p variables. Thus, for practitioners, the PDM is useful to determine the root causes, which generated the out 

of control. On the other hand, because the proportional contribution of each variable to MDF or MD is equivalent each other, 

then seem to be possible to use the R-chart to monitor a multivariate normal process also, but more research must be 

undertaken. Finally, because the PDM given by Eq.(12) represents the quadratic form of a polynomial, then the PDM can 

also be used to analyze the quadratic form of a response surface polynomial also. And in general, the PDM could be used to 

determine the contribution that each variable has on the eigenvalues of the quadratic form of any none diagonal and 

symmetrical matrix analysis as it is the case in the stress analysis performed in mechanical design (Piña, 2018), or in any 

principal component analysis.  

 

Variable Variance MD MD and MDF MDF

(18) Xjvcont X1X2 X2X1 X1X3 X3X1 X2X3 X3X2 Contribution Proportion Contribution

X1 2.2181731 -0.4340636 1.3823784 0.0379303 0.03875 3.243168 0.137397 0.005584

X2 18.167975 1.3823784 -0.4340636 0.0703002 -0.2191526 18.967438 0.803557 0.032659

X3 1.4659027 0.0387498 0.03793 0.0703002 -0.2191526 1.393730 0.059046 0.002400

SUM= 23.604336 1.000000 0.040643

Variable Variance MD MD and MDF MDF

(20) Xjvcont X1X2 X2X1 X1X3 X3X1 X2X3 X3X2 Contribution Proportion Contribution

X1 9.6054454 0.4368255 -0.1105372 -0.2661174 0.11980 9.785415 0.833525 0.065427

X2 0.4966865 0.4368255 -0.1105372 0.008121 0.0144473 0.845543 0.072024 0.005653

X3 1.2325866 -0.2661174 0.11980 0.008121 0.0144473 1.108836 0.094451 0.007414

SUM= 11.739794 1.000000 0.078494

Covariance

Covariance
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